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2 DAWEI CHEN, MARTIN MOLLER AND DON ZAGIER

ABSTRACT. Quasimodular forms were first studied systematically in the con-
text of counting torus coverings. Here we show that a weighted version of
these coverings with Siegel-Veech weights also provides quasimodular forms.
We apply this to prove conjectures of Eskin and Zorich on the large genus
limits of Masur-Veech volumes and of Siegel-Veech constants.

In Part I we connect the geometric definition of Siegel-Veech constants
both with a combinatorial counting problem and with intersection numbers
on Hurwitz spaces. We also introduce certain modified Siegel-Veech weights
whose generating functions will later be shown to be quasimodular.

Parts II and III are devoted to the study of the (quasi) modular properties
of the generating functions arising from weighted counting of torus coverings.
These two parts contain little geometry and can be read independently of
the rest of the paper. The starting point is the theorem of Bloch and Ok-
ounkov saying that certain weighted averages, called g-brackets, of shifted
symmetric functions on partitions are quasimodular forms. In Part IT we give
an expression for the growth polynomials (a certain polynomial invariant of
quasimodular forms) of these g-brackets in terms of Gaussian integrals and
use this to obtain a closed formula for the generating series of cumulants that
is the basis for studying large genus asymptotics. In Part III we show that
the even hook-length moments of partitions are shifted symmetric polynomi-
als and prove a surprising formula for the g-bracket of the product of such
a hook-length moment with an arbitrary shifted symmetric polynomial as a
linear combination of derivatives of Eisenstein series. This formula gives a
quasimodularity statement also for the (—2)-nd hook-length moments by an
appropriate extrapolation, and this in turn implies the quasimodularity of the
Siegel-Veech weighted counting functions.

Finally, in Part IV these results are used to give explicit generating func-
tions for the volumes and Siegel-Veech constants in the case of the principal
stratum of abelian differentials. The generating functions have an amusing
form in terms of the inversion of a power series (with multiples of Bernoulli
numbers as coefficients) that gives the asymptotic expansion of a Hurwitz zeta
function. To apply these exact formulas to the Eskin-Zorich conjectures on
large genus asymptotics (both for the volume and the Siegel-Veech constant)
we provide in a separate appendix a general framework for computing the
asymptotics of rapidly divergent power series.

Introduction

This paper grew out of an attempt to understand the algebraic and combina-
torial nature of Siegel-Veech constants on flat surfaces (Part I) and culminates in
a proof of the Eskin-Zorich conjecture ([20]) on large genus asymptotics of Masur-
Veech volumes and Siegel-Veech constants for the case of the principal stratum of
abelian differentials (Part IV). Along the way we discovered properties of Bloch-
Okounkov correlators and growth polynomials of quasimodular forms, of interest
independently of the geometric background. Consequently, we start with the moti-
vation through Siegel-Veech constants but a reader with focus on Bloch-Okounkov
correlators and quasimodular forms may skip to the presentation of Part II and
Part IIT below, where no background on flat surfaces is required.

Part I: Siegel-Veech constants on Hurwitz spaces. The number of closed
geodesics of bounded length on a flat surface, i.e. a Riemann surface with a flat
metric (induced from an abelian differential), has quadratic growth. The moduli
space of flat surfaces is stratified by the number and multiplicities of zeros of the
differential and the leading term of the quadratic asymptotic is the same for all
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generic flat surfaces in a given stratum. This leading term is called the Siegel-Veech
constant ([43], [14]). In fact, there are several variants of Siegel-Veech constants (e.g.
[45] and [6]) obtained by counting the trajectories with different weights. Among
them is the area Siegel-Veech constant (see Section [1| for the definition), whose
importance is due to the connection with intersection numbers on the moduli space
of curves and with Lyapunov exponents. We will focus on the area Siegel-Veech
constant throughout the paper.

The strata of the moduli space of flat surfaces have an integral affine structure
and thus a natural volume form, due to Masur and Veech. The area Siegel-Veech
constants for strata have been computed recursively using Masur-Veech volumes of
strata in low genera by Eskin-Masur-Zorich ([15]). This procedure is combinato-
rially quite involved and sheds little light on the algebro-geometric significance of
Siegel-Veech constants.

Now consider the Hurwitz space Hy(II) of degree d torus coverings with rami-
fication profile II (see Section |2| for the background and notation). These spaces
are dense in every stratum and the same definition of area Siegel-Veech constants
through quadratic asymptotics applies here as well. The advantage of Hurwitz
spaces is that there we can provide a transparent combinatorial and intersection-
theoretic explanation of Siegel-Veech constants. We define the p-th part-length
moment of a partition a to be

Sp(a) = Zafv (Oé = (alva%"'aa?”)v (&%) > ]-)a (1)
=1

where p is any complex number. A torus covering in H,;(IT) can be described by
the associated Hurwitz tuple (o, 8,7;) where «, 8 and ; are elements in Sy arising
from monodromy of the covering (see for the definition). Let the p-weighted
Siegel-Veech constant ¢)(d,II) of a Hurwitz space be the sum of S,(a) over all
Hurwitz tuples (o, 8,7;) for Hg(IT) and N9(II) the number of these tuples. Using
the case p = —1, in Theorem we give the following combinatorial formula for
Siegel-Veech constants on Hurwitz spaces:

e The area Siegel-Veech constant c,pen for a Hurwitz space Hy(II) is equal to

0
Carca(da H) = % M .
7 Ny(I)
The proof is a standard application of the Siegel-Veech transform. Defining and
using the p-weighted Siegel-Veech constants for all p € Z will be crucial in Part III,
although we are not aware of a flat geometric interpretation of the counting func-
tions for p # —1.

The sum of Lyapunov exponents for the Teichmiiller geodesic flow is another
quantity of dynamic origin, defined for strata and Hurwitz spaces (in fact for any
SL(2, R)-invariant submanifold of strata), whose algebraic nature still awaits to be
understood completely. Here we do not rely on the dynamic definition of Lyapunov
exponents via growth rates of cohomology classes (see |51] for more detail). The
point of departure is rather the reinterpretation of Kontsevich-Zorich ([30]) for the
sum of Lyapunov exponents as a ratio of two intersection numbers with a foliation
class 3 (recalled in Section [£.2). Intersection with 3 is well-defined as a transverse
measure class, but since an interpretation of 8 as a rational cohomology class is still
missing, there is currently no direct algebraic proof of the rationality of the sum of
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Lyapunov exponents for strata. However, Eskin-Kontsevich-Zorich (|13|) managed
to prove this indirectly with a beautiful generalization of Noether’s formula (recalled
in below), showing that the sum of Lyapunov exponents differs from the area
Siegel-Veech constant by an easily computable rational number, an evaluation of
the k-class.

In the case of Hurwitz spaces we show that all of the above quantities have
transparent algebro-geometric interpretations. In Section[5]we show that 3 is indeed
proportional to a cohomology class and relate § to the tautological classes v; (see
Theorem :

e On the moduli space Ml,n the classes 8 and s - - - 1,, are proportional.

Moreover, the Siegel-Veech constant c?,(d,IT) with weight p = —1 appears in
the pushforward of the nodal locus in the universal curve over the Hurwitz space to
ﬂlm, namely as coefficient of the boundary divisor &;, (Theorem . Combining
these observations, we give a proof of the main result of [13] for Hurwitz spaces
using only intersection theory calculations (Theorem |4.2)).

In order to understand the combinatorial nature of the p-weighted Siegel-Veech
constants we form the generating series

cp(I) = > (d, 1) ¢
d>1

As we will explain in the motivation for Part IT in more detail, the generating
function for counting covers without weights is a quasimodular form for SL(2,Z),
i.e. a polynomial in the Eisenstein series Fo, Fy, and Fg. Our first main structure
result (Theorem states that quasimodularity still holds with odd Siegel-Veech
weight p > —1, despite the unusual counting involving inverses (if p = —1) of
part-lengths:

e The generating series of Siegel-Veech constants ¢_1 (IT) with weight p = —1
for Hurwitz spaces in the stratum QMg (my, ..., my) as well as its p-weighted
variants for odd p > 0 are quasimodular forms of mixed weight < p+ 1+
Dz (mi +2).

The proof of this result requires all the material of Part IIT and will be completed
only in Section In covering theory it is a standard argument that coverings
without unramified components can be counted by counting all coverings and then
dividing by the partition function. The generating series for counting connected
coverings is then obtained by their linear combinations. In Proposition [6.2] we show
that a similar procedure works in the presence of a Siegel-Veech weight, though
with a different formula since Siegel-Veech weights are additive (rather than mul-

tiplicative) on disjoint unions of partitions. Consequently, we need to understand
g-brackets to prove Theorem

Part II: Bloch-Okounkov correlators and their growth polynomials.
The point of departure for Part II is a beautiful theorem of Bloch and Okounkov
(I7]) saying that the g-bracket

(1o = DI gy

T e d? a

of any “shifted symmetric polynomial f” on the set of all partitions is a quasimodu-
lar form. This theorem continued the ideas of Dijkgraaf ([12], with a rigorous proof
given in [27]), that the generating series for the number of connected covers of a
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torus with simple branching is a quasimodular form. Eskin and Okounkov ([18])
used the Bloch-Okounkov theorem to show that quasimodularity holds for any type
of branching profile. We recall in Sections [7] and [§ the background on the ring R of
shifted symmetric polynomials, on quasimodular forms, and the Bloch-Okounkov
theorem. We refer to the generating functions F(z1,. .., z,) of ¢-brackets for a fixed
number n of monomials as Bloch-Okounkov correlators.

Understanding the quasimodular forms arising this way is difficult, even though
e.g. the top term as a polynomial in F5 had been computed in [27]. However,
there is a ring homomorphism Ev associating to each quasimodular form a “growth
polynomial” (given on generators by E4 — X2, Eg — X3, while Fy — X +12) that
governs the growth of its Fourier coefficients and describes the asymptotic behavior
of the quasimodular form near the cusp (Proposition :

e Let F be a quasimodular form of weight k with Ev[F] = AX"+- .. and the
leading coefficient A # 0. Then the sum of the first N Fourier coefficients
of F' has the asymptotic behaviour

h+k

hw + O(Nh*=11og(N)).

N
D an(F) = (—4n)"A

n=1
The growth polynomial is essentially equivalent to an expansion used by Eskin and
Okounkov in 18], but we give a different presentation and several further properties.
The main new ideas of this part start in Section Previously in 7] and [18],
the focus had been on the generating functions F(z1,...,2,) and their Ev-images.

Instead, we introduce the partition function

u
P(u)y = <eXp(Zpeue) >q = Z<p1,---,p1,p2,---,pz,--~>qg
0>1 n>0 v V

ni na

where py are power sum generators of the algebra of shifted symmetric polynomials.
After passing to the growth polynomial (and only then!) the structure of this
partition function becomes transparent (Theorem [10.2)):

e The Ev-image ®(u)x = Ev[®(u),| of the partition function can be ex-
pressed as the formal Gaussian integral

1 o 2 )
D(u)x = 727r/ eV 2+ B, X) gy (2)
\% —oo

z/2

W to define

where we use the coefficients of Y, Bxz" =

2—r+w aqyr
B(u,y,X) = Y (a1 +2a2 +3a3 + ) Bor iy VX (@) u?y

a>0
r>0

al rl’

with w(a) = ag 4+ 2a3 + 3a4 + - - .
Note that the right hand side of is purely algebraic and does not really involve
integration. Our proof of this theorem uses the formula for Ev[F(z,...,2y,)] of
Eskin-Okounkov, for which we also give an independent proof in Theorem [10.1
In Section 11| we apply these results to the computation of connected brackets

il = 2 (D el = 0 TICTT o)

a€P(n) Aca a€cA a
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of shifted symmetric polynomials f;. (Here P(n) is the set of partitions of the
set {1,...,n}.) Geometrically these arise when counting connected coverings (com-
pare the definition to ) The connected brackets involving only the algebra
generators py all appear in the generating function

=1
V), = Y S ol )gue e, = log®(u),,
n=0 "¢

1yeeesln>1

the logarithm of the partition function introduced above. For all asymptotic ques-
tions the important quantities are the leading terms of the growth polynomials of
these connected brackets, called cumulants. We denote the passage from brackets
to cumulants by decorating the function with a subscript L. An efficient evalua-
tion of these cumulants is not obvious, since the degree of the growth polynomial
drops by one for every insertion of a slash into a bracket. This was observed in [18|
Theorem 6.2], and we provide an independent proof in Proposition Compu-
tationally, the key to the evaluation of cumulants is the following consequence of
the representation of ®(u)x as Gaussian integral (Theorem [I1.2):

e The generating series of cumulants is given by

2

(w)L = Blug) + 7 (3)

where yo = yo(u) is the unique power series with %B(u, yo) +yo=0.
This is shown using the principle of least action. We obtain as a corollary also the
generating function of cumulants for a fixed number of variables (formula ,
equivalent to |18, Theorem 6.7]), but it is the formula for ¥(u)y, that turns out to
be useful for all applications to asymptotic questions.

When we specialize to cumulants with only 2’s with application to the counting
problems for simple branching in mind, the computation of 1 (u) = ¥(u)L|u=(0,u,0,-)
allows further simplification. While is a two-variable expression even after this
specialization, we show in Theorem that the cumulants
1

ﬂ, V-1 =0 (4)

1
Un = — (p2|-+-Ip2)L (n>0), voo=vy=—
nl " —r
n
can be obtained by manipulating only one-variable series, as follows:
e Define a Laurent series

X—3/2 7x—7/2 31)(—11/2

By p(X) = X2 —
1/2(X) M 6144~ 65536
in X ~1/2 as the unique solution in X ~*/2Q[[1/X]] of the functional equation

X—1/2
5
Then the rational cumulants v,, are given by the inversion formula

Brp(X +3) = BipX —3) =

oo

2n +1 Con_
Y:%l/Q(X) < X = Z W’U”Y 2 2. (5)
n=—2

We mention that the power series 9B, ,5(X) gives the asymptotic expansion of the
Hurwitz zeta function f% ¢ (%, X + %) as X — oo, and that its Taylor coefficients
are simple multiples of the numbers (3,, used above.
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Similar one-variable inversion formulas are given in Theorems [12.2] and for
other linear combinations of cumulants involving 2’s that are relevant for the com-
putation of Siegel-Veech asymptotics. The precise form of the linear combinations
is motivated by the operators T}, that appear in Part III.

Part III: The hook-length moments 7. In the Bloch-Okounkov theorem,
one obtains quasimodularity for the ¢-brackets of shifted symmetric polynomials.
For our applications we need a quite different looking class of functions on partitions,
the hook-length moments

T,() = Y ho)t,

o€Y

where h(o) denotes the hook-length of the cell o of the Young diagram of A. Sur-
prisingly, half of these functions do lie in the ring of shifted symmetric polynomials,
as we show in Theorem [13.4}

e For p > 1 odd, the function Tp(/\) = T,(\) + 2((—p) is a homogeneous
shifted symmetric polynomial of weight p + 1, given by

= (p—1)! - k
Tp(A) = 5 Z(—l) Qr(A) Qpr1-k(N)

k=0
where Qo =1 and Q11 =l py.

The hook-length moments appear first in our study of Siegel-Veech constants in
the amusing formula (Corollary [13.2)

Y S = T, ©
" peP(d)

obtained by inserting the part-length moment into the left hand side that would
simplify to just 1 by Schur orthogonality without the weight.

A leitmotiv for Part III is the observation that many more functions on partitions
than just shifted symmetric polynomial have quasimodular or nearly quasimodular
g-brackets. In [49] identities like @ were used to create many non-trivial exam-
ples. Here we are more specifically interested in T_1, which is certainly not a shifted
symmetric polynomial. Yet, we will show that for f any shifted symmetric poly-
nomial, <T_1 f >q is nearly quasimodular: it is in the 2-dimensional module over

quasimodular forms generated additively by 1 and log(q~/?*n).

The way we show this property of T__; is very indirect, but reveals many beautiful
properties of the operators T}, and T, »- We show the quasimodularity of expressions
of the form

<Tp f>q — <Tp>q<f>q for f a shifted symmetric polynomial, p > —1odd (7)

by extrapolating a formula for p > 0 to p = —1. The key property of the opera-
tors T}, discovered experimentally and discussed in detail in Section is that

(T, f), = > (pis(H)), Gl foralloddp>1, (8)
i,5>0
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where G,(Cj ) is the Jj-th derivative of the Eisenstein series G, and where p; ; : R — R
is a differential operator of the form

Pii = ZQ’“ Z(’kJ)(ap aiz )

for some polynomials p( ) that are given explicitly in Theorem

We will give several d1fferent descriptions of the operators p; ; in ectlon@ For
the proofs, it turns out to be convenient to reinterpret the key property (8)) in terms
of the Bloch-Okounkov correlators F(z1, ..., z,). We show in particular that . is
equivalent to the following statement:

e A correlator with two arguments v and —u that add up to zero can be
expressed in terms of certain nearly-elliptic functions of one variable Z,(u)
given explicitly in (167)) and correlators not involving u by the formula

Fu,—u,35) = Y (=D"1Z5 (21 + 2u) F(3ns,20) )

ICJCN
ec{£1}

where N = {1,...,n}, 3; = (2, € J), and 25 =3, ; 2 for J C N.

The basic strategy to prove such identities is to show that both sides have the
same elliptic transformation laws, the same poles, and that they agree at one point.
This idea has already been used in [7] and the formulas for the elliptic transforma-
tion laws of F' are given there. They involve summing the contributions of corre-
lators for all subsets of arguments. But @ as it stands is completely inadapted
to recursive arguments. To overcome this, we give in Theorem a formula to
express a Bloch-Okounkov correlator involving two distinguished variables u and v
as a linear combination of products of a correlator involving only u + v and a
nearly elliptic function Z, involving only one of the variables u and v. This formula
specializes to @ for v = —u and allows for a straightforward (though somewhat
tedious) proof following the basic strategy outlined above.

The formula ({§8]) enables us to extrapolate in Sectlonuthe effect of T}, top = —1,
to prove the qua51modular1ty of (7] . ) also for p = —1, and thus to complete the proof
of Theorem [6.4] on the quasimodularity of Siegel- Veech weighted counting functions
announced at the end of Part I.

Part IV: Volumes and Siegel-Veech constants for large genus. In this
part we come back to the geometric applications. So far, in Part I, we have been
studying one Hurwitz space at a time, but we have packaged the resulting func-
tions into generating series. It was the motivation of the work of Eskin-Okounkov
([18]) that the Masur-Veech volume of a stratum can be expressed as the limit of
volumes of the Hurwitz spaces contained in that stratum, and hence in terms of
cumulants (see formula (189)). A similar statement also holds for Siegel-Veech con-
stants. It appeared for arithmetic Teichmiiller curves in the appendix of [9], and
we give a self-contained statement and proof in Proposition We also mention
in Section [17] an interpretation of the non-varying phenomenom for the sum of Lya-
punov exponents (|10]) in the light of the quasimodularity theorem for Siegel-Veech
generating series.

The main goal of Part IV is to study the large genus limits of both Masur-Veech
volumes and Siegel-Veech constants. Large genus geometry of the moduli space has
already attracted a lot of attention in the parallel world of Weil-Peterson volumes
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(128], [38]) and also in algebraic geometry in the form of the slope conjecture (|24],
[21], see |9] for some connections), and it is natural to ask similar questions in
Teichmiiller geometry.

Based on numerical data Eskin and Zorich conjectured (around the time [15] was
written, see [20] for more detail) the following asymptotic behaviour. The volumes
of the stata (in the normalization of [15]) are conjecturally

4
(my+1)(mg +1)--- (mn +1)
as Y. m; = 2g — 2 tends to infinity. Moreover, except for hyperelliptic components
of strata, they conjecture

volpmz (QMg(ma, ..., my)) ~ + o(1)

lim Carea(QMg(mla e 7mn)) =5

uniformly as Y m; = 2g — 2 tends to infinity. To avoid making this paper even
longer than it already is, we have focused on the principal stratum to prove the two
conjectures, with full asymptotic expansions in both cases.

For volumes, we are led by the Eskin-Okounkov formula to compute the asymp-
totics as n — oo of the cumulants v, introduced in . The formula starts
with a power series of known asymtotics (involving just factorials and Bernoulli
numbers), but we are then required to perform operations such as taking powers
and compositional inverses to arrive at v,. Such a formula seems at first glance
rather unsuitable for asymptotic calculations. However, the exact contrary is the
case, by the following mechanism of asymptotics of rapidly divergent power series.

In the appendix we consider power series f = > a,z™ that have an asymptotic
expansion of the form

Ay A ) (10)

ay, ~ n!aﬁnn’v<A0_~_7+7+...
n n

for « > 0 and 8 > 0. In all the applications to volumes and Siegel-Veech constants
we will have @ = 2. Series of this type are sometimes called of Gevrey order «
in the literature. The fact that products of such power series, and hence positive
powers, are again of Gevrey order « is certainly well-known, but even for these
cases the fact that the full asymptotic expansion can be calculated is hard to find
in the literature. In fact, due to the rapid growth of n!® only the first and the
last terms in the formula for the product matter. Our new observation is that if
a > 1 then a similar principle holds also for the composition of two power series of
Gevrey order « and for the functional inverse of such a series. The proofs in both
cases require a more delicate uniform estimate of the asyptotic growth of the Taylor
coefficients of large powers of power series of Gevrey order > 1, together with an
application of Lagrange inversion for the case of the functional inverse. A typical
result is:

o If f =5 anz" (ap = 0, a3 = 1) has coefficients with an asymptotic ex-
pansion of the form with @ = 2, then the coefficients of the functional
inverse f~! = 3" b,2" have an asymptotic expansion of the same form,
beginning

by ~ n!zﬂnnv(on + M + )
n
The full statement about which Gevrey classes are closed under composition is
given in Theorem
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In Section[I8]we apply the results on rapidly divergent series to the asymptotics of
cumulants. For example, we compute (Theorem combined with Theorem [12.2)
that for k fixed and h — oo

(=1)h (2h)!2(2>2h+;(1 26K -6k -3 )

(Pr—1lp2|---Ip2)r ~ L.ok B3/2 48h
2h—k

™

For the volumes of the principal strata, it now suffices to put the pieces together.
For Siegel-Veech constants, the remaining step is to write the leading coefficients
& (Tr™) of the generating function of Siegel-Veech constants with weight p = —1
and ramification profile II = Tr" consisting of transpositions as well in terms of
cumulants, see Theorem From this, we deduce the final result:

e The Masur-Veech volume of the principal stratum is asymptotically
4 ( 2 74 — 6072 )

QMy(1,... 1) ~ = (1 — —— —
VO( Mg( ) ) )) 92292 24g 115292

2g—2

and the area Siegel-Veech constants of these strata have the asymptotics

1 1 5 4m? + 75
area Q 12972 ~ S T 5. - e
Carca (M) ~ 5 = g0 — 357 ~ amags T
as g — oo.
We remark that the extrapolation in Part IIT from p > 0 to p = —1 works at

the level of g-brackets only, not at the level of shifted symmetric functions (since
T_1 ¢ R) and not at the level of cumulants either. To illustrate this, we compute
the asymptotics of the p-weighted variant cg(Tr”) in Corollary

To settle the Eskin-Zorich conjecture for all strata, one has to combine properties
of the partition function with the base change from the fi-generators of R to the
pe-generators of R that appear in the partition function, see for examples
with small k. We plan to come back to this in a sequel to this paper.
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Part I: Siegel-Veech constants on Hurwitz spaces

We start in Sections[I]and 2] with an overview of Siegel-Veech constants and Hur-
witz spaces of torus coverings to set the scene. The interpretation of Siegel-Veech
constants for such Hurwitz spaces as combinatorial objects is provided in Section [3]
The connections to algebraic geometry of these invariants are given in Section [4]
where area Siegel-Veech constants are expressed as boundary contributions on Hur-
witz spaces, and in Section where the class ( of the SL(2, R)-foliation on Hurwitz
spaces is expressed in terms of 1-classes.

Starting with Section [6] we package the Siegel-Veech constants of the individual
Hurwitz spaces into a generating series with respect to the degree of the coverings.
The combinatorics of Siegel-Veech constants is then cast in the language of repre-
sentation theory. This will be used for the proof of the quasimodularity Theorem [6.4]
at the end of Part III.

1. SIEGEL-VEECH CONSTANTS AND CONFIGURATIONS

1.1. Counting problems on flat surfaces. Let (X,w) be a flat surface, con-
sisting of a Riemann surface X and an abelian differential w on X. We visualize
flat surfaces as planar polygons glued along their sides by parallel translation as
in Figure The zeros of w are called saddles or singularities of the flat surface.
With the billiard origin of studying flat surfaces in mind, natural counting problems
arise from that of closed geodesics under the flat metric, as well as counting saddle
connections which are geodesics joining two given (or any two) saddles on the flat
surface.

For saddle connections we can most easily define the meaning of the counting
problem. We are interested in properties of functions like

Nee(T) = |{y € X a saddle connection, £(vy) < T}|
in the limit as T' — oo, where £(7) is the flat length of .

3 4

FIGURE 1. Some short cylinders on a flat surface

Quadratic upper and lower bounds for such counting functions were established
by Masur (|36]). Fundamental works of Veech ([|44]) and Eskin-Masur ([14]) showed
that for almost every surface (X, w) in the sense of the Masur-Veech measure (|35],
[43]) there is a quadratic asymptotic, i.e. that

Nee(T) ~ CSC(X,w)Tz.
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The constant ¢s.(X,w) is the first example of a Siegel-Veech constant, the one for
(any type of) saddle connection. This notion was formalized by Eskin-Masur ([14])
and also by Vorobets (|45]) with the result that many natural counting functions
satisfy some Siegel-Veech axioms and consequently have precise quadratic asymp-
totics.

Counting of saddle connections will however not be considered in the sequel,
and we refer to [2] for the latest results. Back to closed geodesics, note that they
come in classes, homotopic to one another. In other words, one can slide a closed
geodesic transversely on a flat surface (in both orientations) until its translate
passes through a singularity. In this way, the translates sweep out cylinders as
in Figure Counting these cylinders, possibly with weight, is the right way to
interpret counting of closed geodesics. We let

Neyi(T) = {Z C X a cylinder, w(Z) < T},

where w(Z) is the width of the cylinder, i.e. the flat length of its core curve.

Once we discuss (see Theorem the connection of the corresponding Siegel-
Veech constants and intersection numbers on moduli spaces, it will become clear
that it is more natural to count the cylinders Z with weight area(Z)/area(X), i.e.

area(Z)

Narea T - T ].]_

(T) Z area(X) (11)
ZCXcylinder,w(Z)<T

The Siegel-Veech constants associated to the counting functions are

. NC 1(T) . Narca(T)
Con(Xow) = Jim =g el Xow) = Jlim =

(12)
In view of Section [3| we remark that there are many interesting variants of the
counting functions above with quadratic asymptotics and which moreover satisfy
the axioms of Siegel-Veech constants in |14]. For example one could take
area(Z)P
Narea,p(T) - Z W’
ZCXcylinder,w(Z)<T

However, this does not correspond to the p-weighted Siegel-Veech constants defined
in Section |3} which rather correspond to the counting problem

_ w(Z)h(Z)"+*
ST DR . ity
ZCXcylinder,w(Z)<T

where h(Z) is the height of the cylinder. Note that this counting function N,(T') is
not SL(2, R)-equivariant. In particular, it does not satisfy the Siegel-Veech axioms.
The reason for studying N,(T) will become apparent in Section

1.2. The moduli space of flat surfaces and SL(2,R) action. We denote by
QM the moduli space of flat surfaces of genus g > 1. It is the total space of
the vector bundle 7.(wx, ) over My, called the Hodge bundle. Here wy/aq, is
the relative dualizing sheaf associated to the universal curve 7 : X — M,. The
group SL(2,R) acts on planar polygons and this action is well-defined also on the
resulting flat surfaces. We may provide flat surfaces with a finite number of marked
points Py, ..., P, that may coincide with zeros of w and vary under the action of
SL(2,R). The space QM, is stratified according to the number and multiplicities
of zeros that we denote by QM,(m), where m = (m; ..., m,) is a partition of
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2g — 2. Connected components of these strata have been classified in [31]. There
are up to three connected components. We will often restrict our attention to the
principal stratum QMg(1 ..., 1), the stratum where all zeros are simple, which is
connected.

The action of SL(2,R) obviously preserves the area of a flat surface. For this
reason, whenever talking about orbit closures, volumes etc, we may and will tacitly
assume that the invariant manifold is contained in the subset Q1M of flat surfaces
of area one. We denote by F the foliation of QM by orbits of SL(2,R).

The classification of SL(2,R)-orbit closures is one of the major problems in the
field, presently open to large extent. Significant progress has been made recently
by Eskin-Mirzakhani-Mohammadi (|16], [17]) by showing that orbit closures have
a nice geometric structure, i.e. they are linear submanifolds of Q2M,. It has been
further shown by Filip ([22]) that all linear submanifolds are algebraic varieties
defined over Q.

The SL(2,R)-orbit closures come with a natural SL(2, R)-invariant measure that
we will describe in more detail below in the cases that are relevant here. It follows
from the Siegel-Veech axioms (see [14]) that Siegel-Veech constants for almost all
flat surfaces (X,w) in an SL(2,R)-orbit closure M agree. We call these surfaces
generic (for M). Consequently, we let

Carca(M) = Carca(XaW) (13)

for any (X,w) which is generic for M E|

We will be mainly interested in the Siegel-Veech constants for strata (since this
is the most generic case) and for Hurwitz spaces, as introduced below, since they
are combinatorially interesting, basically the only source of infinitely many proper
closed SL(2,R)-invariant subsets of strata for all genera and, most importantly,
their Siegel-Veech constants approach the Siegel-Veech constants for strata, as we
will show in Section

1.3. Cylinder configurations and Siegel-Veech constants for strata: the
recursive procedure. Eskin-Masur-Zorich ([15]) give a recipe to calculate Siegel-
Veech constants for strata recursively. Their result is an effective algorithm which
is nevertheless combinatorially quite involved. We now explain their basic idea.
Moreover we formalize the notion of cylinder configurations, which appears for
strata in [15], for general SL(2,R)-invariant manifolds in order to apply it later for
Hurwitz spaces.

We start by recalling the notion of Siegel-Veech transform. Let V =V (X,w) C
R? a function that associates with a flat surface a subset in R? with (real) multiplic-
ities, satisfying the Siegel-Veech axioms (see Section 2 in [14]). These axioms are
roughly the SL(2, R)-equivariance, the quadratic growth rate of V', and an integra-
bility condition. The holonomies of all saddle connections and all closed geodesics
(with multiplicity one or with multiplicity equal to the area of the ambient cylinder)
are examples of such functions. Further examples come from the restriction to only
those saddle connection vectors that belong to configurations as defined below. For
any function y : R? — R we denote by ¥ the Siegel-Veech transform with respect

1t is an interesting open problem, if carea(M) = carea(X,w) for any flat surface (X,w) such that
the closure of SL(2,R) - (X,w) is equal to M.
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to V, ie.
X(X,w) = Z x(v). (14)
veV (X,w)
Let v be a finite SL(2, R)-invariant measure on a subset of €1 M, whose support
we denote by H. The fundamental results of Veech and Eskin-Masur ([44], [14])
jointly imply that for appropriate V and v there is a constant ¢(v,V), such that
for all functions x we have

ﬁ/}{f(dy = c(v,V) /R? xdxdy. (15)

In this section we will use v for the Masur-Veech measure (35|, [43]) on strata.
In later sections the support of v will be on Hurwitz spaces. Moreover, if the
SL(2,R)-orbit closure of (X,w) is H and if V is the set of holonomy vectors of
all closed geodesics with multiplicity one or multiplicity equal to the area of the
ambient cylinder respectively, then c¢(v, V) = ccy1(X,w) resp. ¢(v, V) = carea(X,w)
(|14 Theorem 2.1]).

In order to make use of , one takes as test function x., the characteristic
function of a little disc of radius e. The right hand side of the equation is then me?
times the constant we are interested in. So we need to compute the left hand side,
in fact up to terms of order o(g?).

Roughly speaking, a cylinder configuration is the combinatorial datum encoding
the cylinders in a direction 6 on a flat surface (X,w). More precisely, a cylinder
configuration (on a genus g surface) is a closed subsurface S C ¥, together with a
graph I' C S such that ' contains the boundary of S and such that the comple-
mentary regions, the connected components of S\ IT', are open parallel cylinders.
In particular, boundaries of the cylinders in a cylinder configuration stay parallel
and the proportions of their lengths stay fixed under the action of SL(2,R).

We say that a direction 6 on a flat surface (X, w) belongs to the cylinder configu-
ration C = (S, I"), if there is a subset of the cylinders swept out by closed geodesics
in the direction 6 such that the closure of these cylinders is S and such that the
saddle connections in S form the graph T'.

Siegel-Veech constants can be refined by counting according to the configuration.
That is, we define

area(Z)
Nareo(T,C) = —. (16)
chcylix;,w(z)gT area(X)
Z belongs to C

and, as above,

N
aea(X,0,0) = Tim exeal12C)

T oo T2 5 carea(Mu C) = carea(X7 W, C) (17)
if (X, w) is generic in M.

Counting according to the configuration will appear in this paper as a technical
tool. We now formalize that we want to consider only relevant configurations and
that we do not want to miss any configuration. A full set of cylinder configurations
for an SL(2,R)-invariant manifold H is a finite set of cylinder configurations C;,

1 € I with the following properties:

i) For each (X,w) and each direction 6, the cylinders in the direction 6 belong
to at most one of the configurations C;.
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ii) For each i € I there exists €9 > 0 such that for all ¢ in an interval (0, &¢)
there exist flat surfaces (X,w) in H that possess a cylinder of width < e
in a direction 6 belonging to the cylinder configuration C;. The set of such
surfaces is denoted by H<(C;).

iii) For each i € I the limit of v(H®(C;)) as € — 0 is positive.

iv) The contributions of the configurations C; sum up to the area Siegel-Veech
constants, i.e.

Z Carea(Ha C’L) = Carea(H) :

i€l
We refer to [3] for more background and related discussion regarding the above con-
ditions. We also remark that in the case of strata, a full set of configurations defined
above corresponds to a complete list of configurations of homologous cylinders (or
saddle connections) in the literature.

We now discuss Siegel-Veech constants for a stratum QM (m). Let vg, =
VoM, (m) be the Masur-Veech measure on the stratum. Then the following for-
mula is a direct consequence of the definition of configuration and the Siegel-Veech
formula applied to a small disc:

Vstr (QMG (m, C))
Vetr (QMg(m)) 7

Carea(QMy(m)) = nle; (18)

where the summation ranges over a full set of cylinder configurations for the Masur-
Veech measure supported on the stratum.

To compute cupeq for more general cases one has to apply the Siegel-Veech formula
to several test functions, as we will explain in Section [3] when computing these
constants for Hurwitz spaces.

In any case, to make this formula useful, one has to overcome two problems.
First, one has to be able to compute the volume in the numerator. It turns out for
strata that this is a sum of volumes of strata obtained by cutting the surfaces along
the core curves ;. This turns the computation of [15] into a recursive formula.

Second, one has to determine a full set of configurations for a stratum. For
this purpose, recall that (|15, Proposition 3.1]) in any stratum two non-homologous
saddle connections sharing the same holonomy vector exist only on a set of measure
zero. This can be used to show that a full set of cylinder configurations consists
of all possibilities of embedding disjoint closed cylinders into >, such that no two
core curves are homotopic, no cylinder is separating, but any pair of cylinders is
separating. For each such collection we let S be the union of the closures of the
cylinders and T" be their boundary curves. Combinatorially one can describe such
a cylinder configuration by the tuple of genera (g1,...,¢s) of 4\ .S up to cyclic
permutation. (See [15, Proposition 3.1, Sections 11 and 12] for more details and
the values of many Siegel-Veech constants.)

2. HURWITZ SPACES OF TORUS COVERS AND THEIR CONFIGURATIONS

We give a short introduction to Hurwitz spaces of torus coverings and recall some
basic notions needed in the sequel. The main result in this section is a combinatorial
description of a full set of cylinder configurations for these Hurwitz spaces.
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2.1. Admissible covers and torus coverings. Harris and Mumford ([26]) came
up with the notion of admissible covers to deal with degenerations of coverings of
smooth curves to coverings of nodal curves. In general, denote by p : X — C a
finite morphism of nodal curves such that

i) The smooth locus of X maps to the smooth locus of C' and the nodes of X
map to the nodes of C.

ii) Suppose that p(s) =t for a node s € X and a node ¢ € C. Then there
exist suitable local coordinates x,y for the branches at s and u,v for the
branches at ¢, such that

u=np(x) =2 ov=py) =y" forsome keZ.
We say that p is an admissible cover. One useful thing to keep in mind is that adding
admissible covers provides a natural compactification of Hurwitz spaces of ordinary
branched covers, which is analogous to the Deligne-Mumford compactification of
the moduli space of curves by adding stable nodal curves. We refer to |25 Chapter
3.G] for a detailed introduction to admissible covers.

Now we specialize to torus coverings. Let II = (u(l), e ,u(”)) consist of parti-
tions ) = (ugi)7ug), --+) such that each entry ,uy) is a non-negative integer and
Zi)j(uy) — 1) =2g — 2. We call such a tuple II a ramification profile.

An admissible cover p : X — E has ramification profile II, if it has n branch
points and over the i-th branch point the sheets coming together form the partition
p (completed by singletons, if |u¥| < deg(p)). Let Hy(IT) (or just H if the
parameters are fixed) denote the n-dimensional Hurwitz space of degree d, genus g,
connected admissible coverings p : X — E of a curve of genus one with n branch
points and ramification profile II. We use Hy(II) for the open subset of Hy(II),
where X is smooth.

Here we fix the notation for covers parameterized by this Hurwitz space and
for counting problems. Let p : m(E ~ {P1,...,P,}) — S4 be the monodromy
representation in the symmetric group of d elements associated with a covering
in Hy(IT). We use the convention that loops (and elements of the symmetric group)

are composed from right to left. The elements («, 5,791, , V») as in the left picture
of Figure 2 generate the fundamental group 71 (E \ {Py, ..., P,}) with the relation
Bla o = - (19)

Given such a homomorphism p, we let a = p(a), 8 = p(5), v, = p(7:), and call
the tuple

h = (av/@7717 T 7’7n) € (Sd)n+2 (20)

the Hurwitz tuple corresponding to p and the choice of generators. Conversely,
a Hurwitz tuple as in satisfying defines a homomorphism p and thus a
covering p. If we are only interested in connected coverings, we require a Hurwitz
tuple moreover to generate a transitive subgroup of Sy.

We say that a Hurwitz tuple has profile II if the conjugacy class [v,] = u® for
i =1,...,n. Here we use the general convention to call two partitions of different
sizes dy < dy equal, if they differ by ds — d; parts of length one. The set of Hurwitz
tuples of degree d and profile II acting transitively on {1,...,d} is denoted by
Hur(IT).
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Yn On
Py P,

FIGURE 2. Standard presentation of 71 (E ~ {P,...,P,}) and
standard choice of relative periods

The covering map p does not depend on the choice of the base point. Changing
the base point results in simultaneous conjugation in Sy of the Hurwitz tuple.
We call the conjugacy classes of Hurwitz tuples Hurwitz classes and refer to the
cardinality of the set of Hurwitz classes of profile IT as N"* = N}*(II).

The upper index “na” indicates that no automorphisms of the coverings are
taken into account. For counting problems, in particular when studying generating
series, it is more natural to weight any Hurwitz classes by the factor |Aut(p)|~*.
Such automorphisms correspond bijectively to elements of the centralizer of p(p).
We denote the number of weighted Hurwitz classes of profile II by N9(II) and we
have the fundamental relation

I

Ny = B (21)

For asymptotics on connected covers, the weighting factor |Aut(p)|~! is negligible
(see 18] Section 3.1]).

We remark that for some branching profiles II the space H4(IT) can be discon-
nected, e.g. if the profile consists of cycles of odd length only, the parity of the spin
structure of [31] distinguishes two components. Whether H4(II) decomposes into
more components than the obvious ones is a hard problem that will not play any
role in the sequel.

2.2. Period coordinates, invariant measure, foliations. Denote by M, the
moduli space of genus one curves with n ordered marked points. Let QM , be
the Hodge bundle of holomorphic one-forms over M, ,,. We introduce a coordinate
system on QM ,, to define the SL(2, R)-invariant measure v, which we have already
been referring to in the Siegel-Veech formula, and to define foliations we will argue
with in the sequel.

We present a point (E,w, Py,...,P,) in QM; , as a flat surface as in Figure
using the unique non-zero holomorphic one-form w on E (up to scaling). Whereas
the left picture gives a basis of 1 (E~{ P4, ..., P,}) we indicate in the right picture
a basis of relative homology H1(E,{P1,...,P,},Z).
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Period coordinates are given by assigning to (E',w’, P{,..., P/) in a neighbor-
hood of (E,w, P, ..., P,) the tuple

(Zas 28y 22+« s 2n) = (/ w’,/wﬂ/ w’,...7/ w’) e Ccntl, (22)
o 8 & s

n—1
It is well-known that this defines a local coordinate system on QM ,,.

Inside QM ,, there is a (real) hypersurface ;M ,, of (pointed) flat tori with
w-area equal to one. Note that ;M ,, is isomorphic to an open subset of the
symmetric space SL(2, R) x (R?)"~!/SL(2,Z) x (Z*)"~!. Hence by Ratner’s theorem
there is a unique finite SL(2,R)-invariant ergodic measure 71 on Q1M ,, (up to
scaling). We will denote by 7 the push-forward of 7; under the quotient map by
SO2(R), i.e. on My ,. There are two ways to construct 7; explicitly.

The first construction of 7; is completely analogous to the construction that
works for (the connected components of) the strata. For each open subset U C
MM, ,, let C(U) be the cone of flat surfaces over U, i.e. flat surfaces (X,w) € C*-U
with area < 1. We take 71 (U) to be the Lebesgue measure of C(U) with the
normalization such that the unit cube of Z[i]"*! C C"*! has volume one. A change
of basis corresponds to an action of SL(2,Z) x (Z?)"~! on period coordinates, thus
preserving the integral lattice. Consequently, the unit cube normalization is well-
defined.

The second construction provides a transverse measure on the following folia-
tion. Denote by REL the foliation of 2M; , whose leaves are the preimages of
the forgetful map QM ,, — QM ;. By definition the leaves are SOz(R)-invariant.
Hence the foliation descends to a foliation on M , which we also denote by REL.
This foliation is transversal to the foliation F by SL(2,R)-orbits. The leaf of
REL over (E, Py) is the (n — 1)-fold product of E minus the diagonals. We pro-
vide Q1 M, ; = SL(2,R)/SL(2,Z) with the Haar probability measure and define a
transverse measure to F using the Euclidean volume on E™~!, normalized so that
vol(E™~1) = 1. The measure ¥ is obtained by the direct integral of this transverse
measure along the Haar measure on 1M, ;.

We let QH be the moduli space of pairs consisting of a covering (p: X — E) € H
and a non-zero holomorphic one-form w on X that is a pullback from E via p. This
is a C*-bundle over H and again we let 21 H be the hypersurface of flat surfaces
(X,w) of area one. The space QH is a finite unramified cover of QM; ,, and the
same holds for the restriction to Q1 H as well as to the variants with constraints
on the connectivity of p. Consequently, the above period coordinates are local
coordinates on 2H, too. Moreover, the measures 7; and 7 pull back to finite
measures v; and v on 1 H and H respectively. Finally, the foliation REL also
defines a holomorphic foliation on QH, with leaves of codimension one.

2.3. Configurations for Hurwitz spaces. In this section we describe a full set
of cylinder configurations for a Hurwitz space H = H4(II) of torus coverings. For
a given Hurwitz tuple h we define the (horizontal) Dehn twist around the curve «
to be the map that sends

). (23)
Proposition 2.1. There is a natural bijection between the set of equivalence classes
of Hurwitz tuples up to simultaneous conjugation and Dehn twist action and a full
set of cylinder configurations for the Hurwitz space H.

h:(aalgf.)/la'”"yn) to (a7ﬁaaa7171aa"'aa
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Proof. First we associate to any Hurwitz tuple h a cylinder configuration C(h) as
follows. We order and place the branch points on E with strictly decreasing vertical
coordinates, as in Figure [2 The Hurwitz tuple defines a covering p : X — E with
9(X) = g. The subsurface of the cylinder configuration is S = ¥, and I is the p-
preimage of the union of closed horizontal loops through the points P;. Obviously,
the resulting cylinder configuration is unchanged under conjugation of the Hurwitz
tuple and independent of the representative in the Dehn twist orbit.

Conversely, suppose that (p: X — E, w = p*wg) is a covering parameterized by
Q1 H and that 6 is a direction such that no two branch points in E lie on the same
closed wg-geodesic. (Other directions need not be taken into account, since aligned
branch points form a measure zero subset. They do not contribute to the Siegel-
Veech constant and they do not satisfy the condition iii) of a full set of cylinder
configurations.) We may assume moreover that there is a cylinder in the direction 6,
hence the p-image of its core curve is a closed loop on E in the direction 6. We call
this loop a and fix a base point on a. Next we choose a complementary direction
0> admitting a closed geodesic . We label the branch points in decreasing height
(with respect to the direction 63) and choose loops as in Figure The monodromy
of the cover defines a Hurwitz tuple. Its equivalence class up to conjugacy and
Dehn twist action is independent of the choices we made. Finally we note that the
two constructions are inverse to each other.

It remains to check that these cylinder configurations form a full set of such
configurations. Condition i) is obvious and condition ii) holds by taking the base
curve E of the covering sufficiently tall and thin. In fact, &g = 1/nd works. Condi-
tion iii) now follows immediately from the preceding description of the measure vy,
since the location of the branch points is unconstrained except for a set of measure
zero. To check condition iv) it suffices to notice that we only neglected cylinder
configurations that appear on a set of v1-measure zero. ([

Suppose the fundamental group of the punctured surface E \ {Py,..., P,} is
given in our standard presentation of Figure 2] We remark that the core curves of
the horizontal cylinders are represented by the loops

oo=a, o1 =ay !, co=a(vn) ., ot =a (e om) (24)

3. WEIGHTED COUNTING OF HURWITZ CLASSES

We will now count Hurwitz classes with a weight, that we call Siegel-Veech
weight. The aim of this section is to show that this gives a combinatorial way to
compute the area Siegel-Veech constants of Hurwitz spaces.

Let A= (A1 > Ay > -+ > X\g) with \; > 0 be a partition. The p-th part-length
moment of X is defined as

S, = SN (25)

for any p € C, but only the moments p € Z will be used in this paper. If h =
(a, 8,71, y7,) € (Sq)"*? is a Hurwitz tuple, we consider the n permutations

co=a,01=ay, or=a(rr) s Tnr=a (V)T (26)
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in S4 that arise from monodromy of the core curves of the horizontal cylinders as
represented in . Define the p-th Siegel- Veech weight of a Hurwitz tuple h; to be

Splhy) = 3 Syloralhy) (27)
1=0

Geometrically speaking, the p-th Siegel-Veech weight S,(h;) encodes the sum of
moduli of the horizontal cylinders on the covering surface, each with weight given
by raising to the p-th power. This weight is obviously independent of representative
of the Hurwitz tuples in a given Hurwitz class. We define the (combinatorial) p-
weighted Siegel- Veech constant cg(d, IT) to be the sum of the weights over all Hurwitz
classes for Hy(1D), i.e.

1 Furg (IT)]
(I = — > Sy(hy) =
j=1

SRS

N (IT)
> Splhy) (28)

where the two equivalent definitions are linked by .

The upper zero in cg(d, IT) refers to the fact that here all covers are connected and
all Hurwitz tuples generate a transitive subgroup of Sy by definition. (In Section |§|
we will discuss the passage between the connected and possibly disconnected cases.)

Theorem 3.1. Fiz a degree d and a ramification profile II. Then the combinatorial
Siegel-Veech constant c°,(d,11) defined in and the area Siegel-Veech constant
of the Hurwitz space Hy(I1) satisfy the following relation
& (d, 11
oo F) = 55 S (29)
We will present two proofs of this formula. The first proof given below just uses
the Siegel-Veech transform. It generalizes a combinatorial formula for Siegel-Veech
constants of Teichmiiller curves given in |13, Appendix]. A second proof is given
in Section [4} which is more algebraic and uses the main result of [13] relating the
area Siegel-Veech constant to the sum of Lyapunov exponents. We remark that
combining the two proofs gives a new proof of the main result of [13] in the case
of Hurwitz spaces by intersection theory only, without any reference to analytic
techniques such as the determinant of the Laplacian etc.

Proof of Theorem[3.1. Let {C;} for i € I be a full set of cylinder configurations for
the Hurwitz space Hy;(IT). The left hand side of is a sum of capen (Hg(1I),C;).
By Proposition 2.1] each cylinder configuration C; corresponds to an orbit O; of
Hurwitz tuples under the Dehn twist action and conjugation. It thus suffices to
show that carea(Ha(II),C;) equals the contribution of O; to the numerator of the
right hand side for each i € I. We fix C; and O; from now on and let N; = |O;].
For a flat surface (X,w) we let V; C R? be the subset of holonomy vectors of
the core curves of cylinders belonging to the cylinder configuration C;. (We count
them with multiplicity one, and area multiplicities will be introduced through
below.) Let C® for k € K be the cylinders of the configuration C;. Since we
identified cylinder configurations with equivalence classes of Hurwitz tuples, the
ratios of widths among the C*) is determined by the configuration. In fact, the core
curves of these cylinders are the p-preimages of the loops oy, ...,0,-1 of , SO
the cylinders correspond to the parts of the partitions oy, ...,o,_1 and the widths
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are proportional to the cardinality of the parts. Consequently, we may order the

cylinders increasingly by their widths wy = w(C(k))7 ie. wy Swy <o Swig
We apply the Siegel-Veech formula to two functions. The first function is

the characteristic function x. for a small disc of radius € at the origin. We evaluate

1 / ~
_ Xedvy = B; Xedxdy ,
v(1 Hy(11)) Q1 Hy(I0) : R2 :

where B; is the Siegel-Veech constant for V;. (In fact, it is the cylinder Siegel-Veech
constant for the configuration C;.) The integrand on the left hand side is constant
along the REL-foliation, and hence its value equals N; times the volume of an e-
neighborhood of the cusp in QM ;, which is me?. The volume of Q1 H is N° times
the volume of the modular surface, which is 72/3. Since the integral on the right
hand side is me?, we conclude that

3 N;
T RN

The second function we plug in the Siegel-Veech formula is the sum of charac-
teristic functions for counting cylinders with fixed widths wy and (as parameter)
the tuple of heights ht = (hty, ..., ht|x|). That is, for v € R? we let

0 if wil|vl| =7
by, if  wsl|v]| =7 > wi||v]|
Xr,ht(vuci) = % if wj+1\|v|| >r> w]HU” (30)

htyw;+---+ht i
Lo B B s e[|

and let x, be the function with “average” height, i.e. X, = Xy, (1/n,...,1/n)- Since
|K]|

1
‘ 2 —1
/R2 xr((z,y),C;)dxdy = 7r — ,;lek ,

we obtain using the Siegel-Veech formula again and the value of B; that

| K]

1 / N 32 N; 1 1
_— W ((X,w),C)dyy = ——- =Y w
v(Ha(W)) Jo, m,am) (%), m NOnd &= "* (31)
3r2 11 0
= & vog i Uhe)
where an analog of was used in the last step for the configuration C;.
It remains to show that
1 1
Carca(Ha Cl) =d lim 77/ QT((X’WLCi)dVl' (32)
T—>00 7T’I“2 Z/(QlHd(H)) Q1 Hy (D)

For this purpose, note that the integrand does not depend on the location of
(X,w) within the REL-foliation, equivalently within the fibers of the projection
M H(IT) — Q9 M; ;. We disintegrate v; over this fibration as duxdr;(X,w).
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Then for any fixed r the sum over V;(X,w) is finite and we obtain that

[ R(xw.comn = [ S oo, Codm
QlHd(H)

D Ha() ey, (x,w)

LA
QlMl’l veV;

/ ) Xr(v, Ci)dpx dr (X, w).
(Xw) 7 X"

For every covering p : X — E and every v we slice the torus E parallel to v and some
direction v given by a primitive vector in the lattice of E which is not parallel to v.
Instead of integrating over X"~ ! we will integrate over E"~! and take into account
the degree d of the covering. Let B = {(hty,...,ht k) € [0, 1]IK] : Z‘k@l ht; = 1}.
Using v and v as a basis, we place the first point P; at the corner (0,0). Integrating
over the points Py, ..., P, in E can be done by placing these points at a;v/||v||+b;v*
with a;,b; € [0,1] for i = 2,...,n. The cylinders in the direction v will have height
b; — b;4+1 if the points are ordered by decreasing second coordinates and thus give
a tuple in B. Using that x, is the average of the x, n over B, we obtain that

[ z(xancomn = w0 > [ [l eduxanxe)
QlHd( QlMl,l [0,1]”71 B

1) veEV; (X,w)

- NO/ Z / / Xr,ht(U,Ci)d,uchl(X,w)
Q1 My 1 VeV (X,w) [0,1]7—t JhteB

= lNO/ Narea((X,w), 7,Ci)dv1 (X, w).

d Jom,,

For r large, the integrand on the right hand side of the last step converges by

to ém‘zcarea(H ,Ci), independent of the flat surface (X, w), where the scaling factor

5 is due to that of x, in its definition. Recall also that the volume of Q; H is N°

times the volume of the modular surface. Altogether this implies that holds.
Finally, adding up the contributions from using gives the claim. (]

4. THE SUM OF LYAPUNOV EXPONENTS AS A RATIO OF INTERSECTION NUMBERS

In this section we justify geometrically why we give preference to area Siegel-
Veech constants over other Siegel-Veech constants. The first answer, given in § [4.1]
is that they appear as a coefficient of the push-forward of a boundary class. The
second answer, given in § relates area Siegel-Veech constants to the sum of
Lyapunov exponents, which is further expressed as a ratio of intersection numbers
on moduli spaces. We work on Hurwitz spaces throughout in this section and
emphasize that the discussion is entirely algebraic. In particular, analytic tools
such as determinants of the Laplacian as in [13] are not needed.

4.1. Push-forward of the nodal locus. We fix the degree d and the ramification
profile II. The moduli maps for the Hurwitz space and the universal family X over
it give rise to the following commutative diagram

[ —
X ———> M17n+1

ﬂl J/Trnﬂ

Fd (H) L> Wlm
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where f and h are finite morphisms of degree N and dN, respectively, and where
Tn+1 18 the map forgetting the last marked point. Let jx C X be the (codimension
two) locus of nodal singularities of the fibers. Recall that the Deligne-Mumford
boundary of ﬂlm consists of the divisor ;. that parametrizes generically irre-
ducible nodal rational curves and the divisors dg g for S a subset of {1,...,n} with
|S| > 2 that parametrize generically curves with one separating node such that the
marked points in S lie in the component of genus zero. We denote an undetermined
linear combination of the divisors dg s by dother-

Theorem 4.1. The push-forward of the nodal locus in X to Mlm can be evaluated
using the weighted sum of divisor classes introduced above as

7Tn+1*h*5X = Cgl(dy H) 6irr + 6other . (33)

Proof of Theorem[/.1. The set theoretic image of dx is of course contained in the
union of boundary divisors, so the only content of the theorem is the multiplicity
of 0jrr. The preimage of a tubular neighborhood of é;,; in H consists of the set of
Hurwitz classes grouped to the orbits of the Dehn twist as in . (The tubular
neighborhood is determined by « being short.) As above, we denote these orbits
by O; fori =1,...,m and let N; = |O;|. Suppose that O; consists of the Hurwitz
classes {h;}. It suffices to compare both sides of in the neighborhood specified
by each of these orbits O; separately and then add their contributions together.

We want to show that the intersection number with a test curve agree on both
sides of in the boundary neighborhood determined by O;. For this purpose
we use the Teichmiiller curve C' generated by a square-tiled surface (X,w) of dn
rectangles constructed as follows. Pile n rectangles of width 1 and height 1/n from
top to bottom to produce a torus E = C/(Z + iZ), and place the point P, in the
middle of the upper boundary of the I-th rectangle. Take a degree d cover p: X — F
with monodromy given by a Hurwitz class h; € O; (using the presentation of the
fundamental group as in Figure 2| with the base point in the left part of the bottom
rectangle) and let w = p*wg. The SL(2,R)-orbit of (X,w) defines a Teichmiiller
curve ¢ : C' — H 4(I1).

The horizontal cylinders of the flat surface (X, w) are in bijection with the union
of the cycles c¢s; of the permutations o, s = 0,...,n — 1, introduced in ,
associated with a Hurwitz class h; in the above. We denote these cylinders by C' (k)
for k € K(j). These cylinders (possibly not maximal cylinders) have height 1/n
and width £(cs ;). (Recall that the modulus m(C®)) of a cylinder is defined as the
ratio “height over width”.) To sum up, we have for all j the relation

n—1
Y 5o = > wC*)t =n Y m(C™). (34)
=0 keK(j) kEK(j)

Let ¢ be the least common multiple of all the ¢/(C®)) for k € K(j). The parabolic
element N(¢) = (§7f) is in the affine group of (X,w) and fixes the horizontal
direction. Consequently, the corresponding diffeomorphism acts on the surface X
as the product of Dehn twists

0/e(Cck)
N = ] pdse, (35)

keK(5)

where Do) is the Dehn twist around the core curve of Cck),
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We start by determining the intersection number of the Teichmiiller curve ¢
with the right hand side of (| in a neighborhood U of the cusp determined by
the horizontal direction on ( ) On E the action of N(¢) is an ¢-fold Dehn twist
of each of the n horizontal cyhnders of EX{Py,...,P,} or, equivalently, it is an
(¢n)-fold Dehn twist of the unique horizontal cylinder of E. In both viewpoints,
the local contribution of U to the intersection d,, - (f 0 v)(C) is equal to ¢n.

On the other hand, the local contribution of U to the intersection m.0x - ¢(C)
is equal to >y c () E/E (C™) by (35).

Note that the Slegel Veech weights of two Hurwitz classes related by agree.
Moreover, the (local) degree of f restricted to ¢(U) is N;. Comparing the two
calculations above and using , we obtain on V = ( fo)(U) that

f*ﬂ-*(SX‘V = Z E C(k 1611"1" = Z S 1rr

kGK(J h €0;

Summing over all the m Dehn twist orbits of Hurwitz classes O; thus completes
the proof. O

4.2. From Siegel-Veech to Lyapunov: an algebraic proof. Lyapunov expo-
nents measure the growth rate of cohomology classes on flat surfaces under parallel
transport along the Teichmiiller geodesic flow. They agree for any two flat surfaces
with the same SL(2,R)-orbit closure. Hence they are important invariants of orbit
closures, in particular of Hurwitz spaces and strata. We refer e.g. to |51] and [39]
for the motivation and definition of Lyapunov exponents. In general not much is
known about number theoretic properties of individual Lyapunov exponents. Their
sum, however, is always a rational number. This was shown in full generality in
[13], if one uses [3] to remove a technical hypothesis on regularity of SL(2, R)-orbit
closures. The proof of [13] uses a large detour via Siegel-Veech constants and many
analytic tools.

On the other hand, shortly after Zorich’s discovery of the rationality behavior,
Kontsevich interpreted the sum of Lyapunov exponents as the ratio of a transverse
measure ( integrated against two natural first Chern classes ([30]). This interpre-
tation rather than the definition will be our starting point to compute the sum of
Lyapunov exponents. If the class § could be interpreted as a rational cohomology
class on a suitable compactification of an orbit closure, this would give a more con-
ceptual proof of the rationality of the sum of Lyapunov exponents. Finding such
an interpretation of 5 in the case of strata is currently a central open problem.

We will identify 8 for Hurwitz spaces as a rational cohomology class. This will
be stated in Theorem below and proven in Section [l The main result in this
section is a proof of the following result, using intersection theory only. Suppose
that the smallest stratum that contains Hg(II) is QMg (my, ..., my).

Theorem 4.2. For the sum of Lyapunov exponents of the Hurwitz space Hq(II)
and the combinatorial Siegel-Veech constant ¢ | (d, 1) we have the relation

A, (d, 11 1 <= mi(m; +2
(1) S mlm £2).

A 44N, = h = —
1+ F A NO(I) + kK, where K 12i:1 P

(36)

The proof uses Theorem [4.]] as its only ingredient besides intersection theory.
Theorem [4.2f should be compared to the main result of [13] which states that for
an SL(2, ) invariant submanifold H that is minimally contained in the stratum
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QMg4(ma, ..., my,) the Lyapunov exponents and the area Siegel-Veech constant are
related by
2
At Ay = %carea(H)Jr/s. (37)

Consequently, combining Theorems [3.1] and [£:2] provides an algebraic proof of the
formula of Eskin-Kontsevich-Zorich in the case of Hurwitz spaces.

We first introduce the formula for the sum of Lyapunov exponents as a ratio of
two integrals. The projectivized Hodge bundle ]P’Qﬂg comes with a tautological
line bundle O(—1). Its fiber over a point (X,w) is the C-span of w. The first
Chern class of this line bundle is denoted by v; in [30]. We use the same notation
for a vector bundle on the whole moduli space and its restriction to any algebraic
SL(2, R)-invariant submanifold H. A second tautological class is the first Chern
class of the Hodge bundle, denoted by A. The fiber of the Hodge bundle over a
point (X,w) is the vector space H?(X, Q% ). (Note that ) is denoted by 7 in [30].)

The third key player is not quite a class in cohomology, but a transverse mea-
sure. Recall that an SL(2,R)-invariant submanifold H has a natural projection
7w : H — PH, quotienting by SO2(R) (or quotienting the GL(2,R)-orbit closure
by C*, explaining the notation). Let F be the m-image of the (non-holomorphic)
foliation of H by SL(2,R)-orbits. Then § is the transverse measure to the foliation
F which is obtained by disintegrating the Masur-Veech measure v;. With these
notations the main formula sketched in [30] becomes

_ Jeu BAX

f]pH ﬁ Am ’
where H is the SL(2,R)-orbit closure of the flat surface whose Lyapunov spectrum
we are interested in. A full proof of the above formula, stated as the “Background
Theorem”, appears in |13, Section 3], along with references to various other cases
where this formula has been established rigorously before. In the case of the moduli
space of pointed elliptic curves, obviously Pﬂﬂlm = ﬂlm. We will show in
the next section that on My, integration against 3 is represented by a rational
cohomology class. More precisely, we can identify the class as follows. We define
the tautological classes 1); on ﬂg}n by having the value —m,(0?) on any family of
stable genus g curves ™ : X — C with sections ¢; corresponding to the marked
points.

Theorem 4.3. As elements of H*""2(M ,,,C), the classes B and o -+ -1, are
proportional.

Art Ay (38)

Since the foliation by SL(2,R)-orbits and the measure v, on the Hurwitz space
are defined as pullbacks from €M ,,, the integration of first Chern classes of line
bundles against 8 on H4(II) is proportional to the intersection product with the
class f*(12) -+ f*(1n) where f : Hq(Il) — M, is the forgetful map.

4.3. Tautological class calculations on M ,,. To identify 3 we next summarize
known results on the cohomology ring of M ,. Recall that X is the first Chern
class of the Hodge bundle on Mg,n- Recall also the definition of 6y s and 7,41 from
Section and the following result from [1].

Proposition 4.4. H*(M; ,,C) is freely generated by A and the boundary classes
00,5 for 2 < |S| < n.
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We use ()1, to denote the degree of a given class yu in H*"(Mj ,, C).
As a special case of the preceding proposition, H%(Mj 1, C) is of rank one, and
in fact (see [46} (2.46)])

1 1
P = A = Eéirr and <5irr>1,1 = 9° (39)

The aim of this subsection is to deduce the following relations in the cohomology
ring of M ,, from well-known properties.

Lemma 4.5. For any subset S C {1,--- ,n} such that 2 < |S| < n, we have
<50,S1/}2 e 'l/]n>1,n =0.

Since the statement and proof is symmetric in the marked points, we may replace
here and in the subsequent lemmas v - - - 9,, by any product of (n — 1) distinct -
classes.

Lemma 4.6. On Ml,n we have

n—1)! n—1)!
<6irrd)2 ce '(/)n>1,n - ( ) and <’¢i'(/}2 e '(/)n>l,n - ( )
2 24
for1 <i<n.
Before starting with the proofs, recall that
Yido (ijy =0, (40)
Tpi1xPnt1r = (29 — 2+ n)[mgm] . (41)

Equation follows from the fact that a P'-tail with two marked points has no
non-trivial moduli, and holds because 1,41 restricted to a fiber of 7,41 has
degree 2g — 2 + n.
Since ¥; = 7, 1%i + 0o, {ins1y for i #n+1, by and the projection formula
we obtain that
Tt (1 VR ) = T (W) (W1 - ) (42)

As a special case when a, 11 = 1, by we obtain the dilaton equation (see |46,
(2.45)])

n

<H Vi nt1)gne1 = (29 —2+n) <H Vi) gm - (43)

i=1 i=1

Proof of Lemma[{.5 In the case when |S| = 2 or n = 2, the result follows from (40).
Suppose it holds for all S on ﬂlyk with k& < n and for S on ﬂlm with |S] < j.
Without loss of generality, assume that n € S and let S" = S~ {n}. Since 7}dp s =
do,57 + 09,5, we obtain that

(00,502 - Un)in = (00,5 Tns (V2 Vp))1n
= (n—1)(do,5%2 - Yn-1)1n-1 = 0,
using , and the induction hypothesis. ([l
Proof of Lemma[{.6, To prove the first formula we use that 7}; 8,y = d;;r and hence

<6irr¢2 e 1pn>1,n = (TL - 1)<6irrw2 e wn71>1,n71
by the projection formula and . The result follows by induction and from .
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For the second formula we can assume without loss of generality that ¢ = 1 or
i = 2. The dilation equation implies that
(i) = (R = 1) {2 Yn_1)1,n-1-
For ¢« = 1, the result follows by induction and from . For i = 2, note that
1
W12 = (W2 = (Y1)11 = 2
which can be seen by using the relation 11 = 7311 + dg 1,2} and the projection
formula for the map mo : ﬂl,g — MLL Then the result follows similarly by
induction. (]

For the proof of Theorem we also need the following statement.

Lemma 4.7. Let wr, , be the first Chern class of the relative dualizing sheaf
associated to wp11. Then <7rn+1*(w72r”+1)1/)2 <) = 0.

Proof. From the relation (see e.g. [34])

n
Ypy1 = Wiy T 250,{i,n+1}

i=1

in the tautological ring, we deduce

7Tn+1*(w721+1) = Tn41x <¢n+1 (w'ﬂ'n+1 + i‘sO,{i,n—o—l}))
i=1
= Tn+1x (wn+lw7rn+1)
= 7Tn+1*(w72,n+1) + i i
=1
where we used wr,, ;00 {i,n41} = —5[2)7{1.,71“}, 7Tn+1*(5g,{i,n+l}) = —1; (see e.g. |34,

Table 1]) and in the above. It follows that
<7Tn+l*(w72rn+1)w2 e wn>17n = <7Tn+l*(w721+1)¢2 e 1pn>1,n - ZWMM e wn>17n

i=1

" (n—1)!
= <¢n+1w2 T ¢n+1>1,n+1 - Z ( o ) =0,
i=1
where we applied and Lemma in the last two steps. O

Assuming Theorem for the moment, we can prove formula and thus the
rationality of the sum of Lyapunov exponents for Hurwitz spaces using intersection
theory only.

Proof of Theorem[4.4 By Theorem and Kontsevich’s formula we need to
evaluate the quotient

AU "ha) - ("))
(LN (ftb2) - (fon)) g

where the class v; in is f*A in this case, since the generating differentials on
the covering curves are pulled back from the target elliptic curves and on M ; the

L =
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Hodge bundle is a line bundle with first Chern class A. By the projection formula,
the denominator is equal to

N0<)‘w2"'wn>1,n = NO<(7TZ)\)1/J2 "'wn>1,n
= N0<>\7Tn*(7/}2 "’¢n)>1,n—1
= N(n—1)(Mp2-+ Yp_1)ino1 = -
N -—1)
- 24
by recursion. Next, we evaluate the numerator. Noether’s formula states that
12\ = m.(6x +w?) where 0y is the class of the nodal locus in the universal curve

X over the Hurwitz space. Hence the numerator is equal to

Tn+1xhabx + Tnt1ahs UJ?T "/J wn n
(A )y = ATeseletn St b0l 0y
Using Lemmas and Theorem we obtain that

n—1)!
<(7Tn+1*h*5X)¢2 ce 77Z)n>1,n = % c(il(d, H) .
For the other term involving w2, we apply the Riemann-Hurwitz formula

*
Wy = h wﬂn+1 + E mijFij,

4,3

where 3J; is the section of the i-th branch point and I';; C X is the section of
ramification order m;; in the inverse image of ¥;. Consequently,

h* (w72r) = h*(h*wﬂ7l+l)2 + 2Zmij(h*rij)wﬂ'n+1 + ZszJh* (Ffj) .
4,5 ,J
Using the relations
h*Zz = Z(m”—l—l)l‘”, h*FU = NOZ,L', and Fijfkl =0

J

for (i,7) # (k,1), we obtain that

1 N°
hT2) = YO = ——%2,
(Zj) mij+1( ) J mz‘j+1 !
Moreover, we have
Ww,L+12i = _Z?a h*(h*wﬂ'n+1)2 = dN0w727n+1'

Using these equalities, we obtain that

how?) = aN%?2 |, - NO(YD T T (m; +2) 52),

@ T+l > mij + 1
T h (w2) _ dN07r (w2 )+N0(2ww)
n+1x/bx T n+1s«\Wr, Ly i M =+ 1 A
Applying Lemmas [£.6] and we conclude that
NO(n —1)! mi;(mi; + 2)
9 . ij ij
(Tngrcha(Wr)Y2 - Pn)in = 24 (; m;; + 1 )
NO(n —1)!
_ N=DH

2
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Assembling all the ingredients we computed, we thus obtain the desired equality.
O

5. IDENTIFYING THE [3-CLASS

The first aim of this section is to justify, as we claimed in the previous section,
that the integration against the transverse measure 8 used to define the sum of
Lyapunov exponents is proportional to the cup product with a rational cohomology
class. We treat the case of the SL(2,R)-invariant manifold ©;M, ,,. The proof is
to some extent parallel to that in [5]. However in our situation, periods cannot
be used at every point to provide coordinates of the locus. The use of cross-ratio
coordinates is a new ingredient here. Both the proofs here and in [5] rely on the fact
that the REL-foliation is of complex codimension one, transverse to the foliation
of SL(2,R)-orbits. Such an SL(2,R)-invariant manifold is called of rank one and
presumably, the identification of 5 as a multiple of a rational cohomology class can
be achieved for all rank-one SL(2, R)-invariant manifolds.

Recall that SL(2,R)-invariant manifolds H have a natural projection 7 : H —
PH by modulo C*. For such a manifold PH the disintegration along the image of
the SL(2, R)-foliation of the m-pushforward of the Masur-Veech measure v; (and
here, for PQQyM; ,, = M ,, even more concretely, the symmetric space measure
vy, see § can be made explicit. In general, let M be a manifold with a measure
v and a foliation F whose leaves are Riemannian manifolds. For a p-form w we
define a function ||w||+ by

w(V1,...,0
||WH]: _ sup M
vi,epeTF V1] o]

Jo= [ lirar. (44)

We first apply this definition to M = PQ;M, ,,, the push-forward of vy, and the
image foliation F of SL(2,R)-orbits. Its leaves are quotients of H, provided with
the Poincaré metric. It follows from a local calculation and the definition of v; that
on 2-forms the functionals w — [, w and w fMl B Aw are proportional.

and we let

Proposition 5.1. The integration along F, i.e. the map w — f]_.w, defines a closed
current of dimension 2 on Mlyn.

By slight abuse of notation and suppressing the proportionality constant we
denote the current defined by integration along F by f.

The second aim of this section is the proof of Theorem In view of Proposi-
tion [£.4] and Lemma it is equivalent to show the following proposition.

Proposition 5.2. Let S C {1,...,n} with |S| > 2. Then (do,s8)1,n» = 0.

We prepare for the proof of Proposition [5.1] and recall Mumford’s notion of forms
of Poincaré growth. For this purpose we provide open sets isomorphic to (A*)* x A™
with a metric p by putting the Euclidean metric on the A-factors and the Poincaré
metric on the A*-factors. We say that a p-form w on a manifold X has Poincaré
growth with respect to a divisor D, if X can be covered by polydiscs V,, =2 A™ such
that U, = V, N (X \ D) = (A*)* x A% and ||w]||, is bounded on each of the U,.
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Since the volume form on ﬂl,n has Poincaré growth with respect to the divisor
dirr, the following is the main step towards proving Proposition [5.1

Lemma 5.3. For any 2-form w on My, of Poincaré growth with respect to the
divisor Oy, the norm ||w||7 is bounded.

Proof of Lemmal[5.3 For each boundary point of M, let U = A™ be a sufficiently
small open neighborhood such that U N M, = (A*)" x A"~". Recall that on U
we consider the metric p as the product of the Poincaré metrics on the A*-factors
and the Euclidean metric on the A-factors. It suffices to check that ||v]|,/||v]|F is
bounded for any vector field v on U. Since F has complex dimension one it suffices
to check for any vector field tangent to F that each of the factors contributing to
||v]|, is bounded.

We first consider a neighborhood of a generic point in ;. As coordinates in
QM , we use the period coordinates (zq,2g,22,-..,%n) as defined in . We
choose the representative of our point in M, ,, = PQM, ,, to have z, = 1. We take v
to be the tangent vector field to the action of the diagonal subgroup of SL(2,R)
given by the matrices a; = diag(e */2,e!/?). Then, in terms of the coordinates
T1 = 28/ %0y V2 = 22/Za, ... ,Un = Zn/%a, the action is given by

ai (11,02, ., vn) = (R(m1) +ie'S(r1), R(ve) +ie'S(v2), ..., R(v,) + ie'S(vy)).

Consequently, a unit tangent vector field is given by

n
0
v = zﬁ(ﬁ)a— + Jz:; z%(vj)a—v] (45)
In the polydisc coordinates q; = >, vy,..., v, around &, = {q1 = 0} the
tangent vector is
v = qlog| |i + i Z%(v)i (46)
= q110g|q1 o0 2 ' (’)vj'

The first summand is bounded by definition of the Poincaré metric and the bound-
edness is obvious for all the remaining summands.

Next we consider a neighborhood of a generic point @) in Jps. We introduce
the following convenient coordinate system. Denote by s the cardinality of S and
relabel the marked points so that S = {n —s+1,...,n}. The point Q parameter-
izes a flat surface (E,w) of genus one with the marked points Pi,..., P,_ and a
rational tail with the marked points P,_s41,..., P, attached to @ at a point K.
Let (7'1(0), véo), ... ,USLOZS, v;?)) be the period coordinates of (F,w, Py,..., P,_s, K),

normalized as above such that z&o) = 1. Smooth surfaces in a neighborhood of @

are represented by flat surfaces (F,w, Py, ..., P,) such that the normalized coordi-
nates (71, v, ...,v,) have the following properties. The coordinates 7, and wv; for
i=2,...,n—s are close to their initial values (denoted by an upper index (0)), the
coordinate v, _sy1 is close to vg), and vy,_s4; is close to vp_s4q1 for j =2,...,s.
Let ty—s4j = Un—stj — Un—st1 for j =2,...,s and let up_s4; = tn_syj/tn_sy2 for
j=3,...,s. Here u,_sy; measures the approaching rate of z,_s4; to zp_s41 with
respect to that of z,_s42 to 2;,—s11.

With this normalization, the cross-ratio coordinate system on a polydisc neigh-
borhood around @ we use is (71,2, ..., Un—s, Un—st1, tn—st2; Un—s+3, - - -, Up). 1N
this coordinate system, ¢,,_ 42 measures the distance from the boundary éy s and
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the corresponding disc is provided with the Poincaré metric, while all the other
discs are provided with the Euclidean metric. Relabeling these points in S and
using that @) is generic in dp g we may assume moreover that u,_.; is bounded
near Q.

We use the action of the diagonal flow a; as above. In our chosen coordinates a
unit tangent vector is

0 ) 0
v = z%(ﬁ)a—ﬁ + Z z%(vj)a—vj
=2
o "t 0 0 " 0
— i = T N St s v —
z\s(ﬁ)aT1 + JXZ; z\y(vj)avj +iS( +2>3tn_5+2 + k=;+3 fr s
where
i(\}(tn75+j)tn75+2 - i(\\y(tnferQ)tnferj
fr = 2
n—s+2

for k=mn—s+j and j > 3. From this it is clear that ||v||, is bounded near Q.

The case that the boundary point lies in the intersection of several boundary
divisors directly follows from the combination of these calculations, since p is defined
as the product metric. O

We will be brief in the remaining steps, following [5]. The preceding lemma and
the finite total volume show that for any two-form w of Poincaré growth along 6,
we have | 7 |w| < oo and hence integration over F defines a current 3 on Mi 4.
(Details are given in loc. cit., Corollary 8.4.)

The final step in the proof of Proposition[5.1] consists of showing that the current
is closed. To achieve this we need to show that | #dn = 0 for any smooth one-form
7. This follows as in |5, Theorem 8.1], by an application of Stokes’ theorem from the
following existence statement of suitable cusp neighborhoods. Let N C SL(2,R) be
the subgroup of upper triangular matrices and H the horocycle subgroup.

Lemma 5.4. For any € > 0 there is a closed H-invariant neighborhood W of 6y,
such that vol(W) < € and such that OW is transversal to F.

Here two submanifolds are called transversal if the sum of their tangent spaces
generates the whole tangent space at every point of their intersection. Orbits of NV
are of course both contained in W and F.

Proof. As in [5] we take a decomposition of (E, Py,. .., P,) into horizontal cylinders
C; and let f((E, P1,...,P,)) = > p(height(C;)) where p : R — R is a bump
function to make the function f smooth near zero.

Let W, = f~1({,00). Since the height is N-invariant, W, is also N-invariant.
Since the total vy volume of ©;M, , is finite, the volume of W, as £ — 0 is
eventually smaller than e. O

We now come to the proof of Proposition[5.4 Morally, this is due to the fact that
the foliation can be extended to ﬂl,n \ iy and that g g is a leaf of the foliation,
which gets no mass from a transverse measure. A precise argument, inspired by
[5], will be given in the remainder of this section.
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By definition of the intersection product of the cohomology class of a two-current
and a divisor we have to show that [-PD(do,s) = 0, where PD(dy,s) is the two-
form Poincaré dual to the divisor dg s. The idea of the proof is that this Poincaré
dual two-form can be represented by a smooth form with compact support on a
tubular neighborhood N of g s.

We use the coordinates around dg,s as in the proof of Lemma in particular
t = t,_s+1 measures the distance to the boundary. By [8, Proposition 6.24 b) and
p. 70], the Poincaré dual of dy g is represented by a smooth compactly supported
two-form ¥ = d(p(t)y) where 1 is a one-form (constructed by patching angular
forms) and where p : [0,00) — R is a bump function, identically one near zero and
with support in [0, 1].

We cut off the integration over N on two sets. The first set is C,, = m; (C),
where C is a neighborhood of the cusp in ﬂl,l bounded by the horocycle H and
is the morphism forgetting all markings but the first one. The second set is a small
neighborhood N; of dp s given by t < s. The horocycle flow defines a foliation Fg
whose leaves are contained in the leaves of F. The boundary H, of C,, and the
boundary By of Ny are both foliated by horocycles.

Recall the definition of foliated integrals from . By Stokes’ theorem

/w - / ] :/ ) =/ ||p¢||f,,+/ ol -
F N C,UNg H. B

Since V¥ is smooth, in particular of Poincaré growth, its F-norm is bounded by
Lemma We can thus estimate the last two integrals by a constant depending
only on ¥ times the length ¢(H) and times the volume v(Bsy), respectively. These
contributions can both be made arbitrarily small by shrinking ¢(H) and s. The
following two lemmas consequently conclude the proof of Proposition |5.2

Lemma 5.5. There exists a constant Ay, depending only on n, such that

[ oz, < Aveca).

n

Lemma 5.6. There exists a constant As, depending only on n, such that

/ 1l < Az s,
B

Proof of Lemmal[5.5 As in [5, Lemma 2.4], one shows using the local coordinates
(g1 = ¥ Uy, Un_si1stn_si2,Un_s43,--.,Uy) of Lemma that for any
smooth one-form 7 compactly supported on N the norm ||n||z, is bounded. Next,
one shows as in |5, Lemma 2.5] that [|¢|| 7, is bounded on compact subsets of N by
compensating the singularities with another one-form of bounded Fg-norm. Both
calculations happen essentially in the two variables (q1,t,—s+2) as in loc. cit, and
the other variables are irrelevant.
It now suffices to show that there is a constant C(p) such that

/H supp(p)dp < C(p)¢(H)

where p is the product of the arc length measure on the horocycle and the transverse
measure. This is an exercise in hyperbolic geometry that is solved in [5, Lemma 2.6].
O
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Proof of Lemma[5.6, The claim follows from the boundedness of ||¢|| 7, shown in
the previous lemma and v(Bg) = 7s% vol(M 1). O

6. GENERATING SERIES FOR COUNTING PROBLEMS

The standard procedure to count connected Hurwitz numbers is to first count
all covers (a problem for which functions involved are nice, e.g. shifted symmetric),
then to pass to covers without unramified components (which involves taking g-
brackets), and finally to apply inclusion-exclusion to reduce to the connected case.
We show in this section that this procedure applies in principle also to the counting
problems with Siegel-Veech weight, if one takes into account that the Siegel-Veech
weight is additive on a disjoint product of permutations, in contrast to the constant
weight 1 which is multiplicative.

We provide first examples of all these generating series and state at the end of the
section in Theorem one of our main results, the quasimodularity of generating
functions of Siegel-Veech constants.

For the application to Siegel-Veech asymptotics for strata, we will often restrict
to the ramification profile where each u(® is a cycle p;, i.e. there is only one
ramification point in each fiber over P;.

6.1. Counting connected and possibly disconnected coverings. So far, we
have imposed the connectivity constraint on the coverings. We remove the upper
index zero, if we take all coverings (of profile II) into consideration. As technical
intermediate notion we will also consider coverings without unramified components
and reflect this in the notation by a prime. Consequently, we define Hury(II) to be
the set of all Hurwitz tuples h € S’g+2 (without the transitivity hypothesis) and
we let Hur/;(II) be the subset of Hurwitz tuples h = (@, 3,71, ,7,,) in Hury(IT)
where the action of the subgroup (vq,---,7,) is non-trivial on every (h)-orbit.
We denote by Ny4(II) and N/(II) the number of the corresponding Hurwitz classes
including the usual weight of 1/Aut(p), i.e.
Hur (11
N3(IT) = % for x € {,0,0}. (47)
To express the passage between these counting problems we work with the gen-
erating series

N() = Y Na)g?, N'(I) = Y Nj(M)g?, NO(I) = > NJ(IM)g*
d=0 d=0 d=0

for all (resp. without unramified components, resp. connected) coverings. For the
empty branching profile, we drop the argument II, in particular,

NO = (@ =) d™ = 1+q+2¢ +3¢° +5¢" +7¢° +---
A
is the partition function, where (¢)oc = [[,,5;(1 —¢"). From

d

Hur (1) = 3 (f) [Fur! (IT)| [Hurg_; ()

j=0
we derive the passage between the generating functions

N'(IT) = N(ID)/N() , (48)
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see e.g. [18].

Next, we recall the passage from N’(IT) to N°(II). We denote by P(n) or P(N)
the set of partitions of the set N = {1,...,n}. Recall also the notation P(n)
which is the set of partitions of n (not of the set N). We now use our assumption
that each u(? is a cycle, i.e. there is only one ramification point in each fiber over
the branch point P;, which is sufficient for later applications in the paper. Under
this assumption any covering p without unramified components induces a partition
a € P(n) corresponding to the ramification points of the connected components of
the covering. This implies

¢(a)
N = S [N, (49)

a€P(n) j=1

where II,, is the subset of the ramification profile corresponding to the indices
appearing in the k-th subset oy, of a. We are rather interested in expressing N°(II)
in terms of N'(Il,). It follows from and Mobius inversion that

()

N = 3 (1) gfa) — ! [ (L) (50)

a€P(n)

Finally, we recall the classical Burnside Lemma (see e.g. [32, Theorem A.1.10])
that the number of coverings with ramification profile IT and any permutation z(%)
is given by

Ng(ll) = Z Hf,m)()‘)v (51)
AEP(d) i=1

where a conjugacy class o is completed with singletons to form a partition of ||
and where

fo(A) = zox™o)/ dimx>. (52)
Here z, denotes the size of the conjugacy class of o and dim x* is the dimension of

representation \. We also write fj for the special case that o is a k-cycle.

We specialize now even further for the case of simply branched coverings, i.e. y;
being the class Tr of a transposition for all . In this case the number of branch
points n = 2k = 2g — 2 is even. For small values of k the generating series are

N(Tr*) = 2¢* +18¢® + 80¢* + 258¢° + - --
N'(Tr*) = 2¢° + 16¢> + 60¢* + 160¢° + - - -
NO(Tr?) = N'(Tr?)

N(Tr) = 2¢% +162¢° + 2624¢* + 21282¢° + - - -
N'(Tr!) = 2¢* 4+ 160> + 2460¢" + 18496¢° + - - -
NOTrY) = 2¢% + 160¢° + 2448¢* + 18304¢° + - - -
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6.2. Generating series for Siegel-Veech counting. Recall from the com-
binatorial definition of the p-weighted Siegel-Veech constant cg(d, IT) for connected
covers. In the same way as we can define the p-weighted Siegel-Veech constants
¢p(d, II) for all covers and c;,(d,II) for covers without unramified components, by
taking the Hurwitz tuples ranging over all covers and over covers without unramified
components, respectively.

As in the classical counting case, we introduce for counting with Siegel-Veech
weight the generating series

H) = Zcp(dv H)qda C;(H) = ZC;)(dv H)qd7 Cg(H) = ch(dv H)qd (53)
d>0 d>0 d>0
for counting all (resp. without unramified components, resp. connected) covers with
p-weighted Siegel-Veech constants and study the passage between them.
We first simplify the sum by reducing from n terms per Hurwitz tuple to
just one summand.

Lemma 6.1. Forx € {',0,0} and any ramification profile 11, we have
N (IT)

Z S, ( (54)

where o9) is the first element of the Hurwitz tuple hj.
Proof. If (a, B,71, "+ ,7n) is a Hurwitz tuple of profile I, i.e. satisfying the relation

Bhal]l =B a T Ba = v
then
B~ ™ = (B B) Ay

gives rise to a Hurwitz tuple (ayy ', 8,792, ,Yn, (B~ 'ylﬁ)) of the profile II' =
(@, ..., u™ 1MW), This map is a bijection between Hurwitz tuples, which is
equivariant with respect to simultaneous conjugation. On the other hand,

B~ a7 = (WmYn-17n Dnn2 M
is a Hurwitz tuple with the same (o, ) and with the profile where the last two
points are swapped. Iterating the use of such transforms in the profile gives a
bijection between Hurwitz tuples of profile IT and II' that preserves (a, ). The
combination of the two observations shows that the sums over all Hurwitz tuples
of the contribution of oy = a to and the contribution of o1 = ay; " coincide.
Iterating this comparison n times for all o; proves the claim. [

The passage from c,(II) to ¢, (IT) in the following proposition uses essentially
that Siegel-Veech weights are additive on disjoint cycles in the sense that S,(A\) =
>i>0 9p(Ai) for a partition A = (A1, Ag, .. .).

Proposition 6.2. Let 1T = (pq,...,p,) be a ramification profile with n branch
points and each p; being a cycle. Then for any p the generating series for Siegel-
Veech counting without unramified components and for Siegel-Veech counting with
connected coverings are related by

(o) (o)

= Y Yo, [ N (55)

ceP(n) k=1 j=1,j#k
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where 0 = (01,...,040)) and Il,, = ({{ti}ico,, ). The generating series for Siegel-
Veech counting without unramified components and for Siegel- Veech counting of all
coverings are related by

cp(I) = ¢, (IHN() + N'(M)ey (). (56)

Proof. For the first relation, suppose a covering without unramified components
corresponds to the partition o € P(n) of the n branch points. Such a covering is
given by the data

(a(k)a B(k)v {"Yi}iéak )k:l,.u,e(a) .

By Lemma its contribution to the left hand side is Sp(a(l) - a9)) whereas
each summand of the interior sum on the right hand side gives a contribution
of Sp(a(k)). Additivity of the function S, on disjoint cycles implies that these
contributions are equal.

The second relation follows from the same argument, by decomposing a covering
into its unramified components and into the remaining components. O

The proposition below uses representation theory to reduce the computation of
Siegel-Veech counting from a sum over all Hurwitz tuples to just a sum over pairs of
partitions. This expression will be simplified further in Part II. We emphasize for
future use that the following proposition does not require the additional hypothesis
that each p; is a cycle.

Proposition 6.3. If 11 = (u1,..., pu,) with u; € P(d) any partitions, then

= Y Hfm Z 2 Sy (1) (7). (57)

AEP(d) i=1 TeP(d)

Proof. We start by recalling the proof of the Burnside Lemma to count coverings.
If we want to count all factorizations H?;Q v; = 1 with v; € Sy belonging to a fixed
conjugacy class C;, then the number of such factorizations is

(di
Hurg(Cr. .o Cupn)l = 30 ““X ch

AEP(d)

which can be checked by comparing the trace of the action of 3° . g € C[Sq] on the
decomposition of C[Sy] into irreducible representations (e.g. [32, Theorem A.1.9]).
We will apply this to C; = p; for ¢ = 1,...,n, for 7,41 = a belonging to any
conjugacy class, and for 7,42 = Ba~ 57! being a conjugate of a~!. Since there are
d!/z, elements that conjugate a given a1 into a given element o/~1 = Ba~!137!, we
deduce that the number of factorizations [, 8] = []}_; 7; with 7; in the conjugacy
class p; is

[Hurg(IT)| = Z Hqu‘)( Z zax’\(a)2>.

AEP(d) i=1 acP(d)
If we count with Siegel-Veech weight, using Lemma we see that the innermost
bracket is },ep(a) ZaSp(a)x*(a)? instead. Finally recall the relation Nj(II) =

|[Hur};(I1)| /d! and similarly for the Siegel-Veech count, thus proving the desired
formula. g
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Our initial motivation for the analysis of g-brackets in Part II is to prove the
following theorem, as one of our main results. The special case that p; = Tr will
be analyzed in detail in this paper, since it corresponds to the counting problems
for the principal stratum in genus g =k +1 =5 + 1.

Theorem 6.4. For each p; being a cycle, the two counting functions cg(ul, ey fhn)
and ¢, (pu1, ..., pin) are quasimodular forms of mized weight < Y77 (|ps| +1)+p+1
for SL(2,Z) and for any p > —1.

If pg = Tr for all i, then the counting functions ¢)(Tx") and ¢,(Tx") are quasi-
modular forms of pure weight 3n + p+ 1 for SL(2,Z) and for any p > —1.

The proof of this theorem will be completed in Section [I6]

6.3. Examples of the Siegel-Veech counting functions. We specialize to the
case u; = Tr, the class of a transposition, and give examples of the series introduced
above.

For p = 1, the Siegel-Veech counting function ¢f(II) = D(N*(II)) is just the
D = qa%-derivative for x € {0,,0}. If I = Tr", then by the Riemann-Hurwitz
formula n = 2k = 2g — 2 has to be even. For small k and for p = —1 the first
several series are

071(Tr2) = gq2 + 479(]3 +121¢* + Q%ﬁf 4.
¢ (Tr?) = 3¢% +20¢° + 75¢* + 200¢° + - --
c(il(TrQ) = cLl(TIQ)

co1(Trt) = 3¢2 + 4¢° + 3764q" + 1241075 1 ..
¢y (Tr) = 3¢% + 2164 + 3378¢* + 25664¢° + - - -
QL (Tr') = 3¢° +216¢° + 3348¢* + 25184¢° + - -

It was shown by Eskin-Okounkov in 18] based on work of |7] that N'(II) and
NO(IT) are quasimodular forms for any II. We will recall these notions and results
in Part II.
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Part II: Bloch-Okounkov correlators and their growth polynomials

The point of departure for Part II is a beautiful theorem of Bloch and Okounkov
saying that the g-bracket (a certain weighted average) of any “shifted symmetric
polynomial” on the set P of all partitions is a quasimodular form. In the first
section of this part we review some of the many ways to describe elements of P and
the definition of shifted symmetric polynomials. Section [§] contains the statement
of the Bloch-Okounkov theorem and various complementary results, as well as a
review of the definitions and main properties of quasimodular forms. The following
section shows how to associate to each quasimodular form a “growth polynomial”
that contains information both about the growth of the function near cusps and
about the growth of its Fourier coefficients. This notion is essentially equivalent
to one used by Eskin and Okounkov in 18|, but since these polynomials can also
be useful in other contexts in the theory of modular forms we give a different
and considerably more detailed presentation, including alternative descriptions and
other basic properties of growth polynomials.

The new results of this chapter are contained in the last three sections. The
main fact is that the growth polynomials of the quasimodular forms defined by the
Bloch-Okounkov theorem, unlike these forms themselves, can be given in terms of
explicit generating functions. This was discovered by Eskin and Okounkov in [18]
in terms of the so-called “n-point correlators”. In Section [10| we give their formula
with a different and simpler proof, as well as a second formula in terms of an all-
variable generating function that we show can be represented by a formal Gaussian
integral vaguely reminiscent of the path integrals of quantum field theory. This is
then applied in Section to give a new formula for certain special combinations
of g-brackets called “cumulants”, which are the expressions that we will need for
the applications to the calculation of invariants of moduli spaces and Siegel-Veech
constants. A result of this type was also given in [18|, but here we find a direct proof
and thus as a corollary a much simpler proof of their result. Finally, in Section [T2]
we show how to express the main quantities of interest to us for the geometric
applications in terms of some special power series in one variable, related to the
Hurwitz zeta functions, whose Taylor coefficients are simple multiplies of Bernoulli
numbers.

7. PARTITIONS AND SHIFTED SYMMETRIC POLYNOMIALS

Let P denote the set of all partitions. We use A to denote a generic element of P
and AV to denote the dual partition. The size of A (i.e. the number of which it is
a partition) will be denoted by |A|, and P(d) denotes the set of all partitions of d.

There are (at least) six elementary ways to view a partition, all of which will be
used in the sequel.

(a) Parts. We write A = (A1, Ao, ...), with Ay > Ay > -+ and > = A; = |A|.
If k is the largest index such that A; > 0, we call k = £()) the length of .

(b) Multiplicities. Let r1,79,73,- -+ be non-negative integers, almost all equal
to 0, and write A = 1712723 ... so that r,, = [{j > 1: A; = m}|. In these
coordinates the size of A is given by > mr,, and its length by > r,,.

(¢) Young diagram. To any A € P we associate the Young diagram

Va={(i,j) : 1<j<k1<i<)\}CN.
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This clearly gives a bijection between P and the set of finite subsets of N2
that are closed under making either coordinate smaller. The set Y) is
usually denoted pictorially by replacing the elements of N? by boxes of unit
size, oriented so that increasing ¢ moves one to the right and increasing j
moves one downwards. The Young diagram of AV is the transpose of Y).

(d) Frobenius coordinates. We encode a partition A € P(d) by a collection of
numbers

(S;GIZ"'ZaszoablZ"'stZO) (59)

with a;,b; € Z and Zle(ai +b; +1) = d. These are given in terms of
the Young diagram by setting s equal to the length of the main diagonal
of Yy (i.e. the largest ¢ with (4,¢) € Y)) and by defining a; and b; to be the
number of boxes of Yy to the right of or below the diagonal box (i,14), i.e.
aZ:)\l—zande:)\lv—z: |{j)\] ZZ}|—Z

(e) Semibounded subsets. We let X\ = {\; —i+ 3 |i>1} C Z+ 5. Subsets
that arise in this way are bounded above (by A1 — %) and have a complement
in Z+ 3 that is bounded below (by 3 —k, where k is the length of A). They
have the further property that the number of positive elements of X is
equal to the number of negative elements of X§ = (Z+ 3) \ X,. This leads
to the last description:

(f) Balanced subsets. There is a bijection between P and the set of all finite
subsets C' C Z + & with 3 . sgn(c) = 0. The set Cy associated to A
under this bijection is given in terms of the Frobenius coordinates of A
by Cx = {a; + 1} U{-b; — 1}, and conversely we recover the Frobenius
coordinates by defining the a; to be the non-negative elements of C'— % and
the —b; to be the non-positive elements in C' + % In terms of the set Xy
of (e), we have C\ = (Z+ 1)soNX\ U (Z+ 1)co ~ X

For each integer ¢ > 0 we define the power sum function P, : P — Q by

S

P(N) = Z sgn(c) ¢ = Z [(ai+3)" = (=bi— 3)], (60)

ceCy i=1
where we have used the descriptions (f) and (d). The first three values are
X (Tr)
XA1)
with the notations as in Section 6. Using the correspondence between (e) and (f)
we can express Py(A) in terms of the elements of X in the form

PO()\) :0, Pl()\) = |)\‘7 P2(>\) :2fTr()\) :22Tr

i Ni—i+ )= (=i+1)". (61)

=1

This shows that P, is an element of the algebra A* of shifted symmetric functions
(129], [40]), which is defined as A* = lglA*(n) where A*(n) is the algebra of sym-
metric polynomials in the n variables A\; — 1,..., A, —n and the projective limit is
taken with respect to the homomorphisms setting the last variable to zero. In fact,
a theorem of Okounkov and Olshanski ([40]) states that the algebra A* is freely
generated by the P, with £ > 1.
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We will also work with a differently normalized set of functions Qi : P — Q that
are related to the power sum functions by

Pi_1(N)

Q) =1,  Qr(N) = W‘Fﬁk iftk>1, (62)
where the constants gy € Q, with 8y =1, 81 =0, B3 = ,i7 ...are defined by the
power series expansion

z/2 - k L T4
B — — =1 - —
@)= ShGa) kzzoﬂ ke 24 Trwo” T (63)

The somewhat unnatural-looking definition can be explained by noting that
0 Beyq equals (1 —27%) ¢(—F), which is the natural regularization of the divergent
sum > o0, (—i+1)in (6I), so that £! Q¢41 can be thought of as the regularization of
the divergent sum ) X5 z*. Another way to understand the relationship between
the P’s and the @)’s is in terms of generating functions: if we set

wi(t) = Y sen(e) i, wa(t) = > ([t >1), (64)

ceCy re€X
then the functions W(z) = w{(e*) and Wy(z) := wy(e*) have Laurent series
expansions given by
o0 e o0
z _
WR(z) = ZPK()‘)Ev Wa(z) = > Qu(N)zF" (65)
=0 k=0

and the relationship between X, and C) described above implies that wy(t) =
wl (1) + 2% or Wa(2) = W3(2) + gnie

sinh(z/2) "
For later purposes we also introduce yet a third normalization, namely
pe(N) = () + (1-279¢(=0) = 0Qea(N). (66)

This then agrees with the notation in [18] (whereas in |7] the symbol p; is used for
what we call Py) and will be used in Sections [10[ and

Now let R be the ring Q[Q1,Qa2,...], with the grading R = @ Ry given by
assigning to Qy the weight k. (It is in order to define this grading that we work
with the Qj rather than the P,.) To any element f € R we associate a function
on P, denoted by the same letter, by setting f(A) = f(Q1(N\), Q2(A),...). By the
result quoted above, this function lies in A* and all elements of A* arise this way.
(The ring A* is isomorphic to the quotient R./Q1Rx.)

8. QUASIMODULAR FORMS AND THE BLOCH-OKOUNKOV THEOREM

Let f: P — Q be an arbitrary function on the set P of all partitions. Motivated
by the averaging operators encountered in classical statistical physics, Bloch and
Okounkov associate to f the formal power series

[A]
<f>q _ Z)\GP f()‘) q

2orep g

which we will call the g-bracket, and prove that this g-bracket is a quasimodular
form whenever f belongs to A*. More precisely, their theorem says:

€ Qllg]], (67)

Theorem 8.1 (Bloch-Okounkov). If f is a shifted symmetric function of weight k,
then (f)q is o quasimodular form of weight k.
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In view of the description of the grading given in the previous section, this says
that if f is a weighted homogeneous polynomial of degree K in the functions Q,
where @ has weight k, then (f), € M. To calculate these g-brackets, it clearly
suffices to calculate them for monomials Qp, - -- Qr,. We therefore introduce the
generating Laurent series

Wi(z) = ZQk 7 e Rz 2] (68)
k=0

corresponding to the function Wy (2) in , and define the n-point correlator
Fo(z1,..,2n) = (W(z1)---W(zn))q
T @ue@uded 6
E1yeekn >0

for each n. (Here the dependence on 7 and ¢ = ¢>™" has been omitted from the
notation on the left, and the subscript n could also be omitted, since it is simply
equal to the number of variables.) Bloch and Okounkov give a beautiful identity
to compute the functions F,, in terms of the Jacobi theta series

6(z) = 6:(z) = Y (-DMe=¢"? e ¢ Pz, (70)
V€Z+%
the first three cases of this formula being given (with G5 as in ) by
6'(0) 0'(0) 0’
F = F L Z
1(21) 00z 2 (21, 22) 01 + 22) Sym, 7 (z1) ),
9/(0) 9/ / 9// (71)
Fy(z1,20,23) = T Symg <9(21) g (1t 22) = o5 (a) = Gz) :

where “Sym,” denotes complete symmetrization of a function of n variables.

An elementary and very short proof of Theorem is given in [49|, together
with several complementary results concerning the correlators F),. Since several of
these will be useful for us later, we list some of them here briefly. First, however,
we begin by reviewing the definition and main properties of quasimodular forms.

We recall first that a modular form of weight k on the full modular group I' =
SL(2,Z) is a holomorphic function ¢ from the complex upper half-plane H to C
satisfying ga(‘”“’) = (et + d)F¢(r) for all y = (2Y) € I, an example being the

ct+d
Eisenstein series
B oo
Gi(t) = — 27]5 + Z:lak—l(n) q" (k > 0 even), (72)

if k > 4. (Here By denotes the k-th Bernoulli number and ox—1(n) = 34, d*~".)
We denote by My, the space of all modular forms of weight £ on I and by M, =
,. My, the corresponding graded ring. For k > 4 we have M, = CG), @ Sj, where
S}, is the subspace of cusp forms (modular forms with no ¢° term). For k odd we
have M;, = 0 and set G, = 0.

A quasimodular form is defined by imposing only a weaker transformation law
under the action of I'; typical examples being G5 and the derivatives of modular
forms, but we can omit the intrinsic definition since it is known that the algebra
M, of all quasimodular forms on I is freely generated over M, by the quasimodular
form Gg of weight 2. More explicitly, using Ramanujan’s convenient notations P,
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Q@ and, R (also often denoted by Fs, F4, and Eg) for —24Go =1—24g—--- € MQ’
240Gy, =14 240 + - -- € My, and —504Gg = 1 — 504q — - - - € Mg, we have

M. = Q[Q,R], M. = M.[P] = Q[P, Q,R]. (73)
Examples of the first equality are Gg = Q%/480 and G2 = (441Q3 +250R?)/65520.
A basic fact is that the ring M, is closed under the differentiation operator
1 d d
i dr = 4q d7q )
as can be seen either directly from the definition that we have omitted or else from
the structure theorem together with Ramanujan’s formulas

D(P) = 3 (P*~Q), D)= 3(PQ-R), D(R)=3(PR-Q%. (74

The operator D acts on M* as a derivation of degree +2 (i.e. it raises the weight
of a quasimodular form by 2). Another important operator is the derivation d of
degree —2 defined in terms of the isomorphisms as 120/0P. (There is also an
intrinsic definition.) Together with D and the weight operator W sending f to kf
for f € My, they span a Lie algebra of derivations of M, isomorphic to sls, namely,
[W, D] = 2D, (W, 2] = —20, [0, D] = W, (75)
where the first two equations simply say that D and 0 have degree 2 and —2.

A collection of examples of quasimodular forms that will be important for us is
given by the Taylor expansion

0(z) = 0'(0) > Hy(r) 2" (76)
n=0
of the Jacobi theta series (70), in which 6(0) = n(7)3, where 7 is the Dedekind
eta function defined by n(r) = ¢/**[(1 — ¢*) or by 1728n(1)** = Q* — R2.
We have H, € Mn for all n, the first few values being Hy = 1, Hy = P/24,
Hy = (5P? —2Q)/5760 (and of course H, = 0 for n odd), and the later values
being computable recursively by the formula

dn(n+1)H, = 8D(H,_3) + PH,_». (77)

The expansion is at the base of the proof of Theoremgiven in [49]. More
precisely, it is shown there by a very simple combinatorial argument that

<9<a>g>q =0 for all g e Q[Q27 Q?n o ] C R ’ (78)

where 9 : R — R is the derivation sending @ to Qr_1; then the quasimodularity
of the Taylor coefficients of 8 together with an easy induction on the weight suffices
to prove the quasimodularity of (f), for all f € R. The identity is also used to
prove the inductive formula (equivalent to the explicit formulas in Bloch-Okounkov)

S (=D Fy(3,) =00 (n>1) (79)

JCN

for the correlators, where N = {1,...,n} and for any subset J C N (including the
empty set) we denote by 3; and z; the set of z; with j € J and the sum of these
elements, respectively. Yet a third equivalent version given in [49] is the following
axiomatic characterization of the correlators, in which the symbol [G]* in the final
axiom denotes the strictly-positive-exponent part of a Laurent series G in several
variables:
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Theorem 8.2. The Bloch-Okounkov correlators F,(z1,...,2,) (n > 0) are the
unique Laurent series satisfying:
(i) Fo() =1.
(ii) Fn(z1,...,2,) is symmetric in all n arguments.
1
(iil) Fo(z1,...,2,) = = n-1(#1,--y2n—1) + O(2,) as z, — 0.
)

n

(iv [9(21+...+zn)Fn(zl,...,zn)]+ =0 forallm>0.

An important aspect of the Bloch-Okounkov map ( ), : R — M*7 which will
be used several times in the sequel, is its relation to the sly-action on M, as defined
above. For two of the generators of sl, this is easy: since ( )4 : R — M, preserves
the grading we have W (f), = (Ef),, where E = > Q;0/0Qy, is the Euler operator,
and we also have the formula

D)y = @fy+ 5 (N (TER) (50)

as an immediate consequence of the definition and the formulas Q2(\) = |A|— 55
and D(n) = Pn/24. The action of the third generator d of sly, which is much harder
to compute, was found in [49] and is given as follows.

Proposition 8.3. The action of the derivation 0 : M, — ]T/[/*,Q as defined above
on q-brackets is given by

o0(flg = (5(A -9 f), (FeR), (81)
where A : R — R is the second order differential operator of degree —2 defined by

k+7 52
A= 901110091 82
k,@ZZO ( k ) Qk+l 8Qk+1 aQ[J’_l ( )

and 0 the derivation defined in . Moreover, the actions of A and O commute.

Proof. The first statement is Theorem 3 of [49] and the second is an easy conse-
quence of the definitions of 9 and A using (kzz) = (kﬂffl) + (k%*l). |

A corollary of this proposition ([49, Theorem 2]) is that, if we define the “top
coefficient” T(F) of a quasimodular form F' of weight 2n as the coefficient of P"
in the expression of F' as a polynomial in P, @, and R, then

(1)) = ~CESR ) forall £ € R, (53)
where (2n —3)!! := 1 x3 x--- x (2n — 3) (resp. (D! =1, (=3)!! = —1) and

R — Q is the ring homomorphism sending @,, to (1 — n)/n! for every n > 0.
To illustrate the statement of the Bloch-Okounkov theorem we end this section
by giving a short list of the g-brackets of all monomials in the Q’s of even weight < 6:

_-P o —P242Q _ 5P%42Q
<Q2>q — ﬂa <Q2>q - Tv <Q4>q - Wa
—3P3 +18QP — 16R 15P% — 6QP — 16R
3 _ _
(@3)q = 13824 ’ (Q2Qa)q = 138240 ’
5P3 —3QP — 2R —35P3 —42QP — 16R
2 _ _
(@3)g = 25920 ’ (@s)g = 2903040

A slightly longer list, up to weight 8, can be found in [49)].



44 DAWEI CHEN, MARTIN MOLLER AND DON ZAGIER

9. THE GROWTH POLYNOMIALS OF QUASIMODULAR FORMS

In this section we introduce a polynomial (actually two polynomials, related to
each other by a simple transformation) that describes the growth of a quasimodular
form F(7) near 7 = 0 and at the same time the average growth of its Fourier
coefficients. In the following section this polynomial will be computed for the
image of the Bloch-Okounkov map. The latter calculation is equivalent to a result of
Eskin and Okounkov ([18]), of which we will then be able to give simpler alternative
proofs, and the idea of considering the asymptotic growth of quasimodular forms
near the origin is already contained in their work, but not explicitly worked out
in this generality. Since the construction is very natural and will undoubtedly be
useful also in other situations involving quasimodular forms, we present it here in
fair detail, including some further properties. The map assigning to a quasimodular
form its growth polynomial is a ring homomorphism that can be thought of as a
kind of polynomial evaluation map, and we will denote the two versions of this map
by the symbols Ev and ev. .

For a quasimodular form F € M we write F(c0) (:= lim, 00 F(7) = ao(F),
where F(7) = 72 a,(F) ¢" is the Fourier expansion of F') for the constant term.

We write Ej, € M}, for the normalized Eisenstein series Gy /Gy (o0) for k € 2N (so
FEy = P, E; = @, and Eg = R are the generators of the algebra ]T/f*), and set
Eqg =1 and E;, = 0 for k odd. As before we write Df or f’ for the derivative
LA of e M, and use the notations f) and D" (f) interchangeably. The space

2me dt

M, of quasimodular forms with coefficients in Q is the direct sum of the subspace
DE spanned by all derivatives of all Eisenstein series E} and the subspace DS
spanned by all derivatives of all cusp forms. We can therefore define a linear map

Ev: M, — Q[X] by setting

50 if £ =0,
Ev[F] = 0for FeDS, Ev[EY](X) = { (r+ DIX + 1271 if£=1,
e G )

Presented like this, the definition looks somewhat unnatural, but in fact the
map Ev has very nice properties, as given in the next five propositions.

Proposition 9.1. The map Ev is the algebra homomorphism from M* to Q[X]
sending By to X +12, B4 to X2, and Eg to X3.

Proof. Tt is clear by induction on r that Ev is characterized axiomatically by the
three properties

(i) Ev[fI(X) = ao(f)X* for f € May,;
(i) Ev[E9](X) = X + 12; N
(ili) Ev[DF] = (X 4% + k)Ev[F] for F € My, .

It therefore suffices to show that the algebra homomorphism & : M, — Q[X]
defined by Ey — X + 12, B, — X?, Es — X2 has the same three properties.
The first one is obvious since it holds for the generators E4 and Fg of the ring M,
and since f — ag(f)X wt(f)/2 is a ring homomorphism, and the second is true by
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definition. For the third, we have to check the commutativity of the diagram
M, 2> Q[X]
D—Hl lxdfﬁ(
M. =~ QlX]

where H : M* — M* is the operator sending F' € Mgk to kF. This commutativity
follows for the generators P, @, R from Ramanujan’s formulas , since

p-u P?*—Q o (X +12)% - X? _x_yd
P 3 - P HTf(X+12)7X7Xd—X<I>(P),
- PQ - X +12)X2 - X3 d
Qo PQ=R o, 3 (X+12) _ox? — 2x? = X2 a(Q),
3 3 dX
p-n PR — Q? o (X +12)X3 - X4 3 3 d
R — — 3R — 5 3X° = 3X 7Xd—X<I>(R),
and then holds in general because the horizontal maps in the diagram are ring
homomorphisms and the vertical maps are derivations. O

The next proposition expresses the map Ev : M, — Q[X] explicitly in terms
of the action of the Lie algebra sl = (W, D,9) on M, described in and the
constant term map ag : F' — F(00) from M, to Q.

Proposition 9.2. For any F € M, we have Ev[F](X) = ao (XW/2eF).

Proof. This is a corollary of Propositionsince the maps €, X"/2, and a are all
algebra homomorphisms (because @ and W are derivations) and since the identity

in question holds by inspection for the generators P, @, and R of M,. Note that
XW/2¢% can also be written as /X XW/2, O

The third proposition relates Ev[F] directly to the behavior of F/(7) as 7 — 0.

Proposition 9.3. For F € Moy, the polynomial Ev[F|(X) describes the asymptotic
behavior of F(7) near the cusp 7 = 0. More precisely, we have

1 2
Flie) = oo BYIF] (—g) + (small)  (2,0), (84)
where “small” means terms that tend exponentially quickly to 0 as € tends to 0.

Proof. Suppose first that F' = f(") with f € May,. The modular transformation
property f(—1/7) = 72/ f(7) gives

_1\¢ =
flie) = 5 S anny e
n=0

and hence

F(ie)

L d\" ., . (—=1)¢ (r42¢—1)! ao(f) oty o
(LAY = G AW 0D)  serp
(r+2¢—1)! (—271'/5)2

(2me)rtt

= o V)

+ (small),
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confirming the statement in this case. If F' = Eér), then the modular transformation
property Eo(—1/7) = 72E5(1) + 67/7i gives

1 6 @ 24
(i - = > “= —27n/e
5 (ig) gl s nz::lal(n)e
and hence
1 d\r —2m/e 127!
F(i :(———)E' - 1! 1,
(7€) 21 de (i) (r+1) (2me)r+1 + (2me)r+1 + (small)

again in accordance with the statement of the proposition. Since M* is spanned by
the derivatives of modular forms and of E5, this completes the proof. ([

Note that Proposition [9.3|also gives an alternative proof of Proposition since
sending a function to its asymptotic development near 0 is obviously a ring homo-
morphism. We nevertheless preferred to give an independent and purely algebraic
proof to emphasize the axiomatic description of the map Ev and in particular its
relation to differentiation.

As already mentioned, for the applications to the quasimodular forms coming
from the Bloch-Okounkov theorem, and for the results of Eskin and Okounkov that
we will reprove and generalize in the next section, it is convenient to work with a
different normalization of the growth polynomials that we now introduce. Replace
the variable ¢ in the proposition by i = h/27 (where the letters h and % are meant
to suggest Planck’s constant and quantum mechanics). Then if we define

1 472

ﬁEV[F]< T) € Q[x][1/h] (85)

for F € Moy, the statement of Proposition is that F(7) equals ev[F](h) plus
exponentially small terms as ¢ = €?™™ = e~" tends to 1. Although the two poly-
nomials Ev[F] and ev[F] are equivalent, it is useful to retain both versions because
each has convenient properties: the former because it has rational coefficients and
no extraneous powers of the variable, and the latter because it describes the growth
of F(7) near 7 = 0 directly. We will refer to both Ev[F] and ev[F] as the growth
polynomials of the quasimodular form F. This terminology is justified not only
by Proposition relating these polynomials to the growth of F'(7) near 7 = 0,
but also by the following result, which says that their leading terms determine the
average asymptotic growth of the Fourier coefficients of F.

ev[F](h) =

Proposition 9.4. Let F' be a homogeneous element of ]TJ; satisfying ev|[F| =
AR™P + O(h'=P) as h — 0 for some integer p > 0 and constant A # 0. Then
the sum of the first N Fourier coefficients of F' has the asymptotic behavior

N NP
> an(F) = A? + O(N?"'logN) (N — ). (86)

Proof. Let the weight of F' be 2k. If £k = 0 then there is nothing to prove, since
an(F) =0foralln > 1. If £ > 1, then we can write F' as a linear combination
of derivatives D¥~¢Gq, and D*~*f, with 1 < ¢ < k, where Go, is the Eisenstein
series and f; a cusp form of weight 2¢. Since we are assuming that ev[F] is not
identically zero, there is at least one Eisenstein contribution, and since the degree
of ev(DF*Gyy) in ' is k + £, it follows that k 4+ 1 < p < 2k. The terms D*~*f,
do not affect the estimate (86), since by a result of Hafner and Ivi¢ ([23]) we
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have 35y an(fe) = O(N*=%) (the weaker estimate O(N*log N) would be enough
for our purposes) and by partial summation we deduce that >_ v an(DFtfy) =
Sen i an(fo) = O(N*-%), which gets absorbed into the error term in
since k < p — 1. It therefore suffices to consider the case F' = Gg? with £ > 1,

r >0, k =+ r. For this form we have from the original definition of the growth
polynomial the formula

) __ng (T—&—Q[—l)! Z_i!
BilG] = =9 T ¥ 3w
<20 ., !
= 20— 1)! xt - =
(r+20—1) omi)2 5 e,
which we can rewrite in terms of ev as
r <(2€) 5[,1
ev[G)] = (r420— 1) et (87)

and on the other hand

N N
Zan (ng)) = Z’]’LT Uz[il(n) — Z ar+2€—1br
n=1 n=1

a,b>1
ab< N
N
(IV/b)+2f 20-1
= b" O((N/b)™*
S (85 o
N2 +26-1
= ((2 N™™ " log N) .
C(g)r—i-%—’—o( o8 )
(Here the “log N” factor is needed only for ¢ = 1.) This confirms in this case
and hence also in general. O

Our final statement about the growth polynomials associated to a quasimodular
form F' is that the number of monomials they contain equals the number of poles
of the meromorphic continuation of the L-series L(s, F) = > °°  a,(F)n~*, with
the corresponding exponents and coefficients corresponding to the positions and
residues of these poles.

Proposition 9.5. Let F' be a quasimodular form of weight 2k. Then the L-series
of F has a meromorphic continuation to the whole complex plane, with at most
simple poles at s = k,...,2k as its only singularities, and the growth polynomial
ev[F] of F is given in terms of the residues of L(s, F) by the formula
2k
ev[F](h) = > (m—1)!Resqm[L(s, F)| L™ (88)
m=k
Proof. Again we verify this by looking at the cases of derivatives of cusp forms
and of Eisenstein series separately. For the first case the assertion is trivial, since
if F = £ for some cusp form f then L(s, F) = L(s — r, f) extends to an entire
function of s and the polynomial Ev(F) vanishes identically. If F = Géz), then
we have L(F,s) = L(s — r,Ga¢) = (s —7) (s —r — 2¢ + 1), which extends to a
meromorphic function having only simple poles, one at s = r + 2¢ with residue
¢(2¢) and a second one at s = r + 1 with residue —1 if £ = 1, so that equation
agrees with equation . [
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It is perhaps worth noting that an alternative proof of Proposition [9.5] could
be given using Proposition since if F(it) = Z%:l Cmt™™ + O(tY) for t small,
where M is fixed and N can be chosen arbitarily large, then we have (initially for
s with sufficiently large real part)

(2m)°T'(s) L(s, F) = /OOO(F(it)—aO(F))ts_ldt

M S
— / <Z emt™™ — ao(F) + O(tN)> thdt + / O(e ™) ¢5=1dt
0 to
M
= Z _Cm__ olF) + (holomorphic for R(s) > —N),
f=s—m s

giving a meromorphic continuation of L(F,s) to the whole complex plane with
simple poles of residue (27)™¢,,/(m — 1)! at integers m > 1 and no other poles.
Proposition 0.5 also explains where Proposition [0-4 comes from, using the standard
expression for 25:1 an(F) as 5= CCZI;O L(F,s)N* % for C sufficiently large and
then shifting the path of integration to the left to pick up a residue from the
rightmost pole of L(F, s) and using the functional equation of the L-series and the
Phragmén-Lindel6f theorem to estimate the integrand on the shifted contour. We
omit the details.
We end this section with a simple illustrative example.

Proposition 9.6. The growth polynomial of the quasimodular form Hsy € Mgk
defined by s given by

BVHAX) = 3 g oL (39)

Proof. We give two proofs of equation (89), to illustrate the use of the different
properties of growth polynomials. Write hoy for Ev[Ha]. Then the recursion
and the differentiation property (iii) in the proof of Proposition give

d X + 12
X— 4+ k-

( dX +

and follows easily by induction on k starting with the value ho(X) = 1. Alter-

natively, from equation and Proposition we have

E(2k + 1) hop(X) = ) har—2(X),

2k

Sl = St = S () G +

where “small” denotes terms decreasing faster than any power of €, and since from
the modular transformation property of § we have

0sc(2) _ 6z2/4w6M - 622/4“5M + (small),

z0!_(0) iz/e - 91/5( ) z/2e

we obtain a second proof of by comparing the coefficients of z2*. O
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The second proof above gives the generating series for the hgy explicitly:

3 (= .2 1 sinh(2v/X /2
D hak(X) ##7 = Ev[el((o))}m = e/ 2\(/7(/2/) (90)
k=0

X )2 (X2 5K N\ XP 21X 105X T
= (G (G )a (G e )a

10. THE GROWTH POLYNOMIALS OF ¢-BRACKETS

In this section we will consider the growth polynomials of g-brackets, for which
we use the notations (f)x := Ev[(f)¢](X) and (f)s := ev[(f)q|(h) (f € R) and
the terminology X -brackets and h-brackets, respectively. It turns out that, whereas
there is no really practical “closed formula” for the g-brackets of arbitrary elements
of (R, there is such a formula for their growth polynomials. In fact, there are two,
each in terms of a suitable generating function. One of them, which is due to Eskin
and Okounkov ([18]) but of which we will give a simpler proof and also a slight
refinement, gives the growth polynomial F'(z1,...,2,)x := Ev[F(z1,..., 2,)](X) of
the correlator function for each integer n > 1. The other, which we will state
as Theorem and which is the principal result of this section, gives all of the
X-brackets simultaneously as a single generating function in infinitely many vari-
ables (“partition function”) that we express as a one-dimensional formal Gaussian
integral.

To motivate these formulas, we first look at small values of n. For n = 1 we find
from the first of equations together with equation the result

T efz2/2

Fi(2)x = o — (x = VX/2),

and similarly for n = 2 the second of equations together with and the
addition law for the hyperbolic sine function give

By ) re—(71t22)%/2 L@ taq—C
2FL22)X = sinh z(z; + 22) “ tanh zz & tanh zz;

2 Tz x T

_ 2 12

= ¢ 712/ - + = - (212 := 21 + 22),
sinh zz12 sinhxzz; sinh xzzy

while for n = 3 a similar calculation using the third of equations gives
z e *i2a/2 T x
sinh xz193 Syms {(zl + tanh le) (zm + tanh :czlg)
(1—}—3:2—1—2'% xz1 ) 4x2—|—12}
2 tanh xz; 24

2
- 6_2523/2 TZi93 X TZ23 X TrzZ13
sinh 2193 sinh zz; sinh xz93 sinh zzo sinh xz3

F3(z1,29,23)x =

T T212 T T T
sinh zz3 sinh xz19 sinh zz; sinh xz9 sinh zz3

with 2123 := 21 + 22 + 23 etc. These special cases suggest the following result in
which, as in Section [} P(n) denotes the set of unordered partitions of the set

{1,...,n}.
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Theorem 10.1 ([18], Theorem 4.7). The X -evaluation of the n-point Bloch-Okoun-
kov correlator is given by

A=L/X /2
PR N VR o | (i 2 e (o1)
acPin) Aca smh(zA\/Y/Z)

where N = {1,...,n} and 2o = Y ,c 4 2o for ACN.

Theorem [10.1} which we will prove below, gives a formula for the growth poly-
nomial of the Bloch-Okounkov correlator functions F,,(z1,...,2,) defined in ,
and thus for the g-bracket of a product of n generators Q; of R for a fixed value
of n. It turns out that these formulas can be expressed more simply, and in a way
that is better suited for our applications, if we organize them into a different kind
of generating function, namely the partition function

n

u
<eXP< p€U€)> = <p17"'7p17p27"'7p25"'>q7

ni n2

— 1
= an Z <p(1"'p€n>qu£1"'uln . (92)

L1, >1

®(u),

Here p; = ! Q41 as in and we have used standard multi-variable notation:
u = (ug,us,---) denotes a tuple of countably many independent variables u; and
n > 0 denotes a multi-index n = (n,ng,---) of non-negative integers n;, with
u® = [[,,5oun and n! = [, 5onm!. The definition can be compared to
Witten’s generating function for intersection numbers of v-classes on the moduli
spaces M p:

(oo}
1
Pwyitten (0, U1, - - ) :ZE > (T T Uy Ui,

mi,...,mMp >0
with

(Tony T, ) = /7 MLy
g
in which the formal variables u; are also attached to the number of occurences of v;
in the product rather than to the index of the marked point.
Our main result below gives an explicit formula for the growth polynomial gen-
erating function ®(u)x := Ev[®(u),](X). To state it, we introduce an auxiliary
generating function defined by

r4w a , T
B(uvya X) = Z(al + 2a2 + 3az + - - )' ﬁQ—r—i—w(a)\/fz o %% ) (93)
2o

with f3,, as in and w(a) = ag + 2a3 + 3a4 + ---. (Alternative and simpler
expressions for B are given in equations (| and (| . below.) Note that the
exponents of X are all non-negative and mtegral since B =0 for k < 0or k odd,
and also that the coefficient of each monomial in X and y contains only finitely
many monomials in the w;, so that B(u,y, X) belongs to Q[u][[y, X]].
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Theorem 10.2. The growth coefficient polynomial of the generating function ®(u),
can be expressed as the formal Gaussian integral

1 *° ,
O(u)x = \/72?/ oY /2+ B(u,iy,X) dy . (94)

Note that the expression on the right hand side of is purely algebraic and does
not really involve integration, since we can state the theorem equivalently as

O(u)x = I[LEO] e QX[ (95)

where J is the functional on power series in y defined on monomials by

Iy = {(—1)"/2(n — 1! for n even,

(96)
0 for n odd.

Equation makes sense because the terms of B all have strictly positive degree in
the u; and the coefficient of any monomial uflugz’ ... in B, and hence also in €5, is a
polynomial in X and y to which the functional J can be applied to get a polynomial
in X.

We now prove Theorems and Our proof of the former will use the
axiomatic characterization of F,,(z1,...,2,) given in Theorem Theorem
will then be deduced from Theorem the argument being a purely formal one
in the sense that if we replaced the power series B(z) = sinzh/ 3 72 in equation by
any other even power series with constant coefficient 1, and replaced the numbers
Bm in the definition by the coefficients of this power series, then the new

equation would imply the new equation in exactly the same way.

Proof of Theorem[I0.1 From the axiomatic description of F},(z1,...,2,) given in
Theorem and the fact that Ev : M, — Q[X] is a ring homomorphism it follows
immediately that there is a similar axiomatic description of F,(z1,...,2,)x in
which the function 6(z) in (iv) is replaced by its X-evaluation as given in
and everything else is unchanged. We thus need to verify that the right hand side
of , which we denote by F(z1,...,2,)x in the proof below, satisfies these
modified axioms. First, note that F* is indeed a Laurent series in the variables
Z1,...,%n, since the exponent of z4 = ) ., 2, in is negative only if |A| = 1.
The property (i) and the symmetry in the arguments stated in (ii) are immediate
for F'* from its definition. For (iii) (with n replaced by n + 1 and 2,11 by z), we
observe that, since any element of P(n + 1) is obtained from a unique element o
of P(n) either by adding the one-element set {n + 1} to « or by replacing some
element of « by its union with {n + 1}, we have

[Al-1
(21, 2my 2)x = o~ (2N +2)2/2 Z { ﬁ/Q Z.A \/X/2
acPn) smhzx/)?/Q Ace 51nthJ)?/2

¢y Lp )PV L TVE)2 ]
sinh((zp + 2)VX /2) Aca (B} sinh(24vX/2)

*
Fn—i—l

Bea {

|A]—1
_ —zx/2(1 _ 2 1 ZA \/Y/2
A 0) E (L o) [

1
= ;F;(zl,...,zn)x+0(z) as z — 0,
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as desired. Finally, to show (iv) we multiply the right hand side of with

(with z replaced by zn). The positive part of this expression is zero if we can show
Al-1

that the positive part of sinh(sy) [] ¢, ;ﬁTsA is 0 for each o € P(n) individually,
where we set s4 = 24V X /2. But since sy =} 4, 54, we have

sinh(sy) = Z H cosh sy - H sinh s 4

tz(g)g:dd Aca~p Aep
and hence
sAl-1 A1 sHAl=1
sinh(sy) H A = Z HS‘A‘ -HAi.
e sinh s 4 L aes Adp tanh s 4
2(B) odd

We want to show that the coefficient of z{* - - - z/» in each summand of this expres-
sion vanishes if all of the r; are strictly positive. Since each i belongs to only one
of the sets in «a, and since every set 8 occurring has odd cardinality and hence is
non-empty, it suffices to prove this statement for a single term s[f|_l (A € 5), and
this is obvious since a homogeneous polynomial of degree |A| — 1 cannot contain

every variable z, (a € A) to a strictly positive power. O

Proof of Theorem[10.4 Both for this proof and for use later in the paper, it is
convenient to define a linear map (2, from the space of Laurent polynomials or

Laurent series in n variables z1, ..., 2z, to the space of polynomials or power series
in infinitely many variables uy, us,... by the formula
£yl - 0y
_ e if by,..., 0, >1
Qe - 2] = pt a2 (97)
0 otherwise.

With this notation, we can compute our two generating functions (92)) and (69)), or
their X-bracket versions, by

O(u)y = > U [Falzr,.2)], R)x = Y Q[Fu(a,.. . z0)x] . (99)
n=0 n=0

(Recall that py = £! Qp4q for £ > 1.) On the other hand, if & € P(n) is a partition
of N ={1,...,n} and if to each A € o we have associated a power series G 4(z) in
one variable, then from the multinomial theorem we find that €, [H 1ca G A(ZA)]
equals the product over all A € « of Ga(d/dt)(U(t)!4)|;=o, where z4 = Y acA Za
as before and where

U(t) = urt + ugt® + -+ (99)
is the generating power series of the u,. In particular, if G4(2) = G|4(2) depends
only on the cardinality of A, then

Z H GA(ZA)] = % Z 'Vs;l('u) o Vsm (‘11) (100)

Sm!
a€P(n) A€ 51, 8m>1 m
£(a)=m s1Ftsm=n

Q,

with vs(u) := G4(d/dt)(U(t)®)|i=0, because if « is a partition of N = {1,...,n}
with m parts, then we can order them in precisely m! ways (since they are non-
empty and distinct), and there are 31!,7"’!3 ordered partitions N = A, U---U A,

!
me




SIEGEL-VEECH CONSTANTS 53

of given sizes s1,..., 8y > 1. Summing (100 over m and then over n gives

Dl D HG|A|(zA)] = exp( 7;‘”) (101)
n=0 s>1

a€P(n) A€
On the other hand, observing that for any z independent of y we have from

© (1/9)¢
e F2 = Z%z% = Jle*], (102)
£=0 )

we can rewrite as
Fo(z1,...,20)x = ’J[ Z H (zlAA|_2B(zA\/f)esz>]
a€P(n) Aca

with B(z) defined as in (63)). We insert this into the second equation of and
note that the maps €2, and J commute. We apply (101)) with

Gs(z) = ZS_Q(B(Z\/)?)eZy—(SSJ).

(Here we are allowed to delete the pole term 1/z for s = 1 because negative powers
in @ are discarded.) This gives equation with B defined by

r dk-‘,—r-&-s—Q U(t)s
B(u,y, X) = xk/2 L (=) 103
(u7 Y, ) kz>0 Bk rl - dtFtrs—2 s ie0’ ( )
P s21
which is easily seen to be equivalent to the definition . ]

The inner sum in the formula used above can be calculated in a more
explicit form using the Lagrange inversion theorem. This leads to the following
two propositions, special cases of which will be used in Section to write down
various one-variable power series that will be needed for the asymptotic calculations
in Part IV.

Proposition 10.3. Let

u1 Us 9 2ud + (1 —up)ug 4
T =T = e
(v) (u,y) —w? T aoap? T —u ) +
be the solution of T =U(y+T), with U(t) as in (99). Then
y
BlayX) = [ Ty + 304 T¢ () XM, (104)
0 k>2

Proof. This follows (independently of the definition of the coefficients fi) directly
from equation (103]) together with the formula

oo

1 dsfl
s=1""

which is one of the forms of the Lagrange inversion theorem. O
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Remark. From either or ([104)) we see that the function B(u,y, X) has a very
special form: if we denote by ¢, (u) the coefficient of y™ in T'(u,y), then

2 3

_ LE) (L&) (yi_XzF 7X2)
Blu,y, X) = erw)(—5;) + o) (5= 75) ol (T =+ 55 ) +
in which the ratio of the coefficients of X%y7 and y2'*7 for any i, 7 > 0 is independent
of u.

Proposition 10.4. Let t(y) = t(u,y) be the inverse power series of y =t — U(t).
Then for all £ > 1 we have

s Z—i—l

Proof. We first observe that the power series t(y) of this proposition is related to
the T'(y) of the previous proposition by ¢(y) =y + T(y). Then

0 or
0= g (Twy) — U@+ T(wy)) = @-v'@) 5o~
or
6l B tf B t@ B g tz-‘rl
ou,  1-U'(t)  oy/ot  oy\L+1)°

Combining this with (104)), we find

828(‘% = k/2 oMttt k/2
ayﬁu@  Ouy (Zﬁ aE X Z k@yk+1<€+1)X ’

k=0

and (105) follows by integrating with respect to y, the constant term being 0. O

We next present a result that gives a small refinement of Theorem At the
end of Section [§] we introduced two differential operators 0 and A on the ring of
shifted symmetric polynomials and explained their relationship to g-brackets (Pro-
postion. The following proposition describes their surprisingly simple action on
the n-point generating function W(zy)--- W(z,) (see for the notation W(z)).

Proposition 10.5. We have
9@ (W(z1) -+ Wi(zn)) = glen) W(z1) - W(zn)
for any power series g(t) € C((t)), and

W) W) = 3 ] )T W),

a€P(n) Ac€a

Proof. The definition of 0 implies that W (z1) - - - W (z,) is an eigenvector of 0 with

W (zi

eigenvalue zy. This gives the first formula. For A we find, using 20 (=) = 2k,
k+1
a(Ilwe) = > (3 (M) Yeweestsr) I ween
i=1 1<i#j<n \k,£>0 1<h<n
htis g (106)
=2 Z (z: + 2;)W (2 + 25) H W (zn)
1<i<j<n 1<h<n

hti, j
By induction we obtain a formula for the action of A” on W(zy)---W(z,), and
then multiplying by (¢/2)"/r! and summing over r we obtain the claim. a
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Now take g = e~=t"/2 in the first formula of the proposition and then replace
e and z; by 1/X and 2;v/ X, respectively, in both formulas. Then from the two
assertions of Proposition we obtain (with W and ? as in )
XW/Qet'(W(zl) cee W(zn)> = /X <\/YW(Z1\/Y) \/)>(W(zn\/)>()>q

= XA T (W (VX)W (2 VX)),

=2 ST (] VAW (zaVX))

acP(n) Aca

(107)

This is the above-mentioned strengthening of Theorem since follows im-
mediately from (107) and Proposition by applying the ring homomorphism
R L, M, 2% Q which sends Q — B and W(z) to 1/2sinh(z/2).

We end this section by giving a statement about the “degree drop” of the growth
polynomials of certain g-brackets. It says, for instance, that the X-bracket (Q3")x,
which a priori could have degree up to 3n in X since the weight of Q3" is 6n, in fact
has degree at most 2n. A related and even stronger statement for the “connected
brackets” studied in the next section will lead to the definitions of cumulants that
will be crucial for the asymptotic calculations given in Part IV.

Proposition 10.6. The degree of the growth polynomial of an element of R of
weight 2k that is a product of 2n elements of odd weight is at most k — n. In
particular, the degree of the X -bracket of a monomial pi*ps? - - - in the p; is bounded
by r1+ 12 +2(rs +1ra) +3(rs +16) + 0

Proof. We will in fact prove the second statement of the proposition, which is clearly
equivalent to the first. To any monomial u® = u{*u3? - - - we associate the invariants
w(a) = as+2a3+3as+- -+ (asin (93)), s(a) = a1 +as+az+--- (= the s of (103)),
K(a) = 2ay + 3ag + 4as + --- (the modular weight), O(a) = as + a4 + ag + - -
(corresponding to the number of occurrences of p, of odd weight), and e(a) = 0
or 1 depending on whether O(a) is even or odd. They are related by K = 2s + w,
5> 0 >0, and w = ¢ (mod 2). If a monomial uf'u3®--- X% occurs in (93), then
we have s > 1 and 2d = 2+w —r < 24w —¢, because r > 0 and r must be strictly
positive if w(a) is odd since [, vanishes for k odd. It follows that K —2d > 2s—2+-¢,
which is always > O. (If O = 0 then 2s —2+4+¢ > 25 —2 > 0; if O = 1 then
2s—2+e>2s—1>1,andif O >2then2s—2+¢ >25s—2>20—2 > 0.) Thus
the X-degree of the monomial in question is always < %(K — 0), and since both
the X-degree and the invariants K and O are additive, it follows that the same
estimate is true for any monomial occurring in any power of B, and hence also for
every monomial occurring in our formula 3[68} for ®(u)x. g

11. THE GENERATING SERIES OF CUMULANTS

In this section we study the connected g-brackets and cumulants of [18], which
encode the counting functions for counting of connected covers and their leading
terms. Our main result is Theorem which gives an expression for the gener-
ating series of cumulants as the value of the function B(u,y) + y? of the previous
section at a stationary point. The proof relies on the principle of least action applied
to the formal Gaussian integral formula for ®(u)x.
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We begin by describing a general algebraic formalism that is relevant in many
geometric counting problems when we pass from disconnected to connected objects.
Let R and R’ be two commutative Q-algebras with unit and ( ) : R — R’ a linear
map sending 1 to 1. (Of course the cases of interest to us will be when R is the
Bloch-Okounkov ring R and ( ) is the ¢-, X-, or h-bracket to R’ = M,, Q[X],
or Q[n?][h], respectively.) Then we extend ( ) to a multi-linear map R®" — R’
for every n > 1, the image of f1 ® --- ® f, being denoted by either (f1|---|fn) or
(|f1 ® - @ fn]), that are defined by the formula

il = 3 0 o)~ 0 TT(TT /) (108)

a€P(n) Aca a€cA

(cf. (50)), where ¢(c) denotes the length (cardinality) of the partition . For
instance, for n = 2 and n = 3 we have

(flg) = (fg) — (F)g),

(flglh) = (fgh) = {f){gh) — (9){fh) — (M){fg) + 2(f){g)(h).
Following 18], we call (fi|---|f.) the connected bracket of the functions fi,..., f,
corresponding to the original bracket { ). Note that the connected bracket is
symmetric, so defines a map from S™(R) to R’, and that it vanishes if any f;

equals 1, so in fact descends to a map S™(R/Q) — R/, and also that the definition
can be inverted to express all brackets in terms of connected ones, e.g.

(fg) = {flg) + (F)(g),
(fgh) = (flglh) + (F)(glh) + (g){fIh) + (R){flg) + () {g)(h)
and in general

(i fu) = > T {®acatal)- (109)

a€P(n) Aca

This formula is a special case of Proposition below.
Perhaps the most important property of connected brackets is their appearance
in the logarithm of the original bracket applied to an exponential:

log(<ef1+f2+f3+"'>) - log(l + Z<f1> + %Z<f1f]> =+ %Z<fifjfk> + )

.5,k

1 1
D)+ gy D) + 5y D ilfil ) +
i i, i,5,k
which explains by a well-known principle why the connected brackets correspond

to the counting functions of connected objects. This gives us yet a third definition
of the connected bracket (fi|---|fn), as the coefficient of the monomial x; - - -z,
in (exp(x1f1 + -+ @nfyn)). Applying it to the rings R = R and R’ = M, and
the ¢g-bracket ( ),, we find that the generating series of the connected g-brackets is
equal to the logarithm of the partition function ®(u), defined in :

1
\I’(u)q==Z; Z (Pey| - [Pe, g ey -,

n>0 1.0, >1

= Z<p1|"‘|p1|P2|"'|P2|"'>q
—_—

n>0

n (110)
o log ®(u)g,
ni no
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and similarly
U(u)x = Ev[¥(u),] =log ®(u)x (111)
for the generating function of the connected X-brackets (pm, |-+ |Pm, ) x -

Our main concern is the X-evaluation of connected brackets. The first result,
which is due to Eskin and Okounkov (|18, Theorem 6.3]) but will also follow from
our proof of Theorem [T1.2] below, is that the degree of the connected X-brackets as
a polynomial in X, which for the original X-bracket was at most half of the weight,
drops by one for every |-insertion.

Proposition 11.1. Let f; € Rg, (i = 1,...,n) be homogeneous elements of the
ring R and k = k1+- - -+ky, the total weight. Then deg({f1] - |fn)x) < 1—n+k/2.

Motivated by this, we define the leading coefficient of the growth polynomial of
(fil---|fn)q for fi and k as in the proposition by

(ful e = XTI o) = Jim EVK@{L;L"Z’/);“X).

We will be especially interested in the case when each of the f; is one of the standard
generators py = £! Qg1 of R. We define the rational numbers

<<£17"' 7£n>>Q = <pf1|"'|p@n>L (flw"agn > 1)’ (112)

which we call rational cumulantsﬁ with the corresponding generating series

T(u), = Z<<17~~~’172’--~72’--~>>@%

ni no

Z% STl b g un g,
v

n=0 " £y, ly>1

n

(113)

Our main result in this section is a formula for this generating function that will
be used in Section (12| and in Part IV. Its statement uses the function B(u,y, X)
defined in (93). We write B(u,y) for the polynomial B(u,y,1) and denote by
B'(u,y,X) and B'(u,y) the derivatives of B(u,y, X) and B(u,y) with respect to y.

Theorem 11.2. The generating series of cumulants is given by

W) = Bluw) + 2 (1)

where yo = yo(u) € Q[[u]] is the unique power series satisfying B'(u,y0) +yo = 0.

Proof of Proposition[I1.1] and Theorem[I1.3 We first note that there is a unique
power series y = yo(u, X) as solution of the equation B'(u,y, X)+y = 0, as one can
see either by Newton’s method or by iterating y — —B(u,y, X) (starting in either
case with y = 0), or alternatively by noting that the latter map is a contraction
and hence has a unique fixed point. The special case yo(u,1) is the function yo(u)
occurring in the theorem, and in fact the two functions are equivalent because from
its definition B(u,y, X) has the homogeneity property

B(u,ty,t*X) = t* B(tou,y, X), (115)

2We avoid powers of 7 here. The real cumulants ((£1,...,£s)) € Q[x] will be defined in Part IV.
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where tou := (uy, tug, t>us, .. .), and therefore yo(u, X) = X/2yo(X/?0u). From
the beginning of the Taylor expansion of B, as given either by its definition or by
Proposition we find that the expansion of yo(u, X) begins with

Ug ( u3 UgU3 m
9(

X = X -
Yo(u, X) 12(1— ;)2 1— )6 8(1—u1)5+240(1—u1)

2
RPR

in which the homogeneity property just mentioned is reflected in the fact that the
coeflicient of X" is homogeneous of weight 2n—1 for each n, where u; has weight i —1
(or equivalently, if yo is thought of as an element of Q[X][[u]], that the coefficient
of any monomial u? is a multiple of X”“’(a)/Q).

We now use formula together with Theorem which expresses ®(u) x as
a formal Gaussian integral. To evaluate the logarithm of this integral, guided by the
principle of least action, we shift the integration variable y by yo(u, X) so that the
exponent of the integrand has no linear term. The procedure is justified because
the translational invariance of the Gaussian integral (or a simple combinatorial
calculation using the formal definition ) gives the transformation property

JF(y+2) = ¢ /23 V*F(y)] (116)

for polynomials F(y) (equation is the special case F' = 1 of this), and we
can also apply this when F'(y) is a power series in y with coefficients in u so long
as the coefficient of the monomial u® vanishes for a = 0 and is a polynomial in y
for a > 0. We apply it with z = yo(u, X), using the Taylor expansion

B(u,yo +y, X) + M = B(yo)+%‘% + (B”(yo)—i—l)y; - B'”(yo)yg o
where B(™ () is shorthand for g’;? (u,yo(u, X), X). Here the coefficient of y is 0
by the definition of yy and the other terms have expansions beginning with
B0 )+ = g X+ (g gt ) <
Bl X)L = 1—1u1 - (5 ﬁ%um i) X

B" (u,y0,X) = { 3“51)3 - (3(141%1)7 2(?11223;)6 {a 7%;1)5)X 4+

in which the coefficient of X* in B(™ (y,) is homogeneous of weight 2k +n — 2 in u.
Making the substitution u — X /2 o u and using this homogeneity property, we
therefore find

1 12 B" (yo) B" (yo) Biv(yo)
B(X2 O TR 2 3 SREe
(X" 2ou)x = ¢ I\ Y T ex T ax YT

(now with B (yo) = g;%f(u,yo(u))), and expanding the first few terms of this

by and taking logarithms gives

1 1
U(X 2 ou)x = (Bly) +558) X — 5 log(1+B"(y))

" <8( B" (yo) 58" (yo)? ) 1

T+ B (y)? 241+ B/ (o)) X T

X
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The fact that this Laurent series has no powers X>! implies Proposition [11.1] the
fact that the coefficient of X is B(yp) + %yg gives Theorem 11.2% and the further
terms of the expansion give as many subleading terms of ¥(u)x as desired. O

Equation gives an effective way to evaluate cumulants, since gy is given
as a fixed point and can be computed rapidly by iteration. The next proposition,
which is also suitable for practical calculations, gives an alternative formula for
the generating series W(u)y, reminiscent of the formula for B(u,y, X) in Proposi-
tion

Proposition 11.3. The generating series of rational cumulants is given by
> ( l)m—l
— — m—2 / m
U(u), = B(u,0)+n;27m(m_ 3 [y 2] (B (u,y)™) . (117)
Proof. We need to prove the identity
= (=pm! 2 yg

B 0 m— B/ m = B — 118
O+ 3 =y U IE W™ = Bon)+ G (115)

where B(y) = B(u,y) and yo is the solution of B'(yo) = —yo. Write z = y/B'(y)
and expand y? in powers of z, i.e. we define a,, by y? = Zm22 amz™. Then

2B W) = Resyeo (ST ay) = Resyo (=)

1 ] 9 —m m . y2 m
=3 Res.—g (y d(z )) = EResZ:o (Wdz) = 5 am.

Let S be the left hand side of the expression in (118). Then

S B(0) = 1 i wam _ 1/0‘1 y(z)zdz

2o m—1 2 22
1 z=—1 2 d —1 1 z=—1 ,

) a0 dy = 5 2B(y) — yB’ d
2/z=0 Y dy<z(y)) Y 2/z=0 ( (y) -y (y)) Y

Y z(y)=-1 y(2)

= (Bly) - =B _ B % B,

(Bly) - 3 o (o) + 2 — B(0)
since z = 0 corresponds to y =0 and z = —1 to y = yo. 0

Finally, just as Theorems [10.1] and in the previous section, one also has a
version of the formula for cumulants with a fixed number of variables, i.e. for the
generating function

Cn(z1,--20) = ((W(21) @@ W(z)|)L
S (@l Qe A

Kiyeeoskin >0 (119)
6n 1 zfl e Zen

— Ml by, by, e E——
at 2 M

(Here the last equality holds because Qo = 1, @1 = 0, and Q1 = pe/¢! for £ > 1
and because all connected brackets having some argument equal to 1 vanish except
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for ((1)) = 1.) This formula, which can be deduced from Theorem is equiva-
lent to [18, Theorem 6.7], where it is stated in a somewhat different form, but here
we will deduce it instead from Proposition [11.3

Proposition 11.4. The generating function (119) is given by

|A]
_ Z _1\(a)-1 f(oc)f2H Zp /2
C’V‘b(’z17"'72n) - ( 1) ZN Sinh(ZA/2)’ (120)
Aca

a€P(n)
where N and z4 for A C N have the same meaning as in Theorem [10.1].

Proof. We use the same formalism and notations as in the proof of Theorem [10.2
In view of equations (I13)), (I19), and we have Q,[Cr(21,...,2n)] = w(u)(L"),
the degree n part of 1¥(u)y, so if we denote by w(u)(L"’m) (1 <m < n) the degree n
part of the m-th term in and by Cp m(z1,...,2,) the subsum of the right
hand side of corresponding to partitions o € P(n) with () = m, then it
suffices to prove that Q,[Cp ] = w(u)(Ln’m) for each m. Instead of we now
use that zm=2 = (m — 2)! [y 2]e*¥ to get

Com(z1snz0) = (<) m=2) [y 2] > [T (41 Blza) e

a€P(n) Aca
L(a)=m

for m > 2, with B(z) as in . Then using (100) and the fact that the opera-
tions €2, and [y™~?] commute, we find

. NG
o] = LU (Lym—g] (Z 2l )) )

s>1

where v, , (1) := G, (d/dt)(U(t)®)]s=0 with G, ,(z) = 2571B(2)e¥?. But

) = B/(u’ y)

yr dk+r+57 1

s(a Ul(t)®
Z’YS(') - Z( 2. ﬂ’“ﬁdtk+r+s—1< i|))

s>1 : s>1 k,r>0
- - k4+r>1

by (103) with X = 1. This completes the proof of the cases m > 2. The case m =1
is similar but easier, using

dk+n72 U)"
ZQn[Cn,1] = Z(Zﬁkw( 7(1,) )

n>1 n>1 \k>2

t=0

t_0> = B(u,0).
O

Theorem|[11.2]or either of the last two propositions can let us compute the leading
terms of connected brackets whose arguments are single generators p,. For the
leading terms of more general connected brackets, we need a formula that expresses
mixed brackets, involving both products and slashes, as products of connected
brackets of single variables. A special case of this formula is above, and a
simple mixed example is

(flgh) = (flglh) + {g){fIh) + (R)(f]g)-

The general result is stated, for arbitrary rings and brackets, in the following propo-
sition. Certain versions of the result were known before (e.g. it is equivalent to |42,
Proposition 4.3]; cf. [37, Chapter 6], p. 279), but the proof is not easy to find in the
literature, and hence we give a short one here. For the formulation we need some
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terminology. If @ and 8 are partitions of a finite set N, we denote by aV 8 the finest
partition coarser than both (i.e. if we think of partitions as equivalence relations,
the equivalence relation generated by o and ). We denote by 1y the one-element
partition {N}. If aV 3 = 1y, then it is easy to see that |a|+|3]| < |N|+1. If equal-
ity holds, then the partitions are called complementary. The pairs with aV 3 =1y
will play a role in the following proposition, while complementary partitions appear
in the corollary concerning leading terms.

Proposition 11.5. Let f1,..., f, be elements of R. Then for any partition 5 of
N ={1,...,n} we have

<\B@€>Bf3\>= > H<‘Q§Afa’>7 (121)

aeP(n) A€a
aVp=1p

where fp = [[,cp fo for BC N.

Proof. We first recall the generalized Mdbius inversion formula for partially ordered
sets in the special case of the lattice of partitions of NV, ordered by a < S if « is finer
than S (cf. [41], especially Example 1 of Section 7). If g is any function on P(n)
and G is the associated cumulative function

G(a) =Y _g(B), then g(B)=>_ pu(e,B)G(a)

B<a as<p

with the Mdbius function p(a, 8) given by HBeﬁ(fl)‘o‘B‘fl(mB\ — 1!, where ap
for B C N is the partition on B induced by «. In this notation the definition (108])
of the connected bracket can be written as

(| @ien fil) = Y nmla1y) J]{fa).
aEP(N) Aca
whose Mobius inversion is (109). We apply this with N replaced by , noting that
P(B) can be identified with {y € P(N) | v > 8}, to obtain

(| ®pes fol) = D> ntv1n) [] (o)
v=B Cey
We now apply (109) to each factor on the right hand side and identify [[5, P(C)
with {& € P(N) | & < 7} to obtain

(opesfol) = D (3 #0018) T @aca fal)-

a  y>avp A€a

The proposition follows since > - 5 #1(7: 1n) = d15,avs- O

Proposition m can be used in particular with f; = ps, € R for integers ¢; € N
to compute arbitrary connected g- or X-brackets in terms of those whose arguments
are single p,’s. In the case of the X-brackets, we see from Proposition [I1.1] that the
total degree drop on the left hand side of (i.e. the minimal difference between
the degree of this polynomial with respect to X and K/2, where K = Y (¢; + 1) is
the total weight) is || — 1, while the degree drop for the a-th term on the right is
> aca(lAl = 1) =n —|al, which is strictly smaller than [3] — 1 unless v and 3 are
complementary. We therefore obtain the following expression for the leading terms
of arbitrary connected X-brackets in terms of rational cumulants.
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Corollary 11.6. Let ¢y,...,¢, be natural numbers and for B C N = {1,...,n}
set fg = [lyeppe, € R. Then for any partition 8 = {Bx,..., Bs} of N we have

(Foal-1fm)y = D I (pes, a € A))g, (122)

a Aca

where the sum is over all partitions o of N that are complementary to 3.

We single out one important special case of this corollary. If |3| = n— 1, so that
B has the form {{1,2},{3},...,{n}}, then the partitions a with @V 3 = 1y are the
one-set partition 1y and the two-set partitions {41, Ay} with 1 € A; and 2 € As,
with all but the first of these being complementary to 3. Therefore Corollary [T1.6]
in this case tells us that for any f, g, h; € R we have

(fglhal -+ lbmy, = > (fe]]ml), (g [T hil), -

IuJj={1,...,m} iel JjeJ
In particular, for any ny,ng,... > 0 we have

<f9|P1|"'|p1|p2|"'|p2\"'>L
—_— ——

ni n2

=Y R Ulpl e pal e ), (alpal o el lpa )
o Flpil e Ipylpal < Ipa|-++)  (glpal -+ Iy Tpal - Ipa |-+ ) -

—n/ 2
n=n’+4n

/ ’ " 1"

nl TL2 ’I’Ll 77.2

Making a generating series, we obtain the following proposition.

Proposition 11.7. The map R — Q[u] defined by

n

u
U(f;u) = Z<f|P1|"‘|P1|p2|"'|P2|"'>L§ (123)

n>0
ny no

is a homomorphism of Q-algebras.

Note that the generating series (123|) for f = py takes the value

u” oY (u)g,
U(psiu) = oy |- pel - lpe ), B = WL 124
(pe; ) ;}@1\ ool 1pel - Ipel---), o B, (124)
nz n1 ne+1

and since (R is generated by the py, this also gives the general values. A more

explicit formula for ¥(py; u) will be given in equation (145)) below.

12. ONE-VARIABLE GENERATING SERIES FOR CUMULANTS

The main generating series identities of the last two sections were expressed
in terms of a multi-variable u = (u1,us,...). For our main applications to the
calculations of volumes and Siegel-Veech constants, we will be particularly inter-
ested in the specialization to the case when this multi-variable has the special form
(0,4,0,0,...) for a single variable u. The basic invariants here are the special
cumulants

vn = i| (2,...,2))q = i,<p2\-~-|p2>L (n > 0) (125)
n: N—— T N et

n n
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involving only 2’s (corresponding to coverings of a torus having only simple branch
points), which will be used in Part IV for the computation of the volume of the
principal stratum of abelian differentials, and their generating series

Y(u) = ¥(0,u,0,0,...), = Zvnu”
n=2 (126)
1, T 4 3TT 5 23357 o 16493303
90" T 162" T 810" T 2430 " 51030

Note that v, in (125]) vanishes unless n is even, and then corresponds to genus g
coverings of a torus, where n = 2g — 2. To take into account genus 0 and 1, it turns
out to be appropriate to extend (125 to all n by defining

1
V-2 = U = — o, v, = 0fornodd or n < —2. (127)
The next most important numbers for us are the mixed cumulants defined by
k k!
vk = 5 (2 2k = 1)g = i (pal -+~ p2 Qe (128)
n: N—— N N ——
n n

for n >0, k > 1 and by v,,0 = 0 if £ = 0 (which agrees with (128)) in that case
since Qo = 1), with corresponding generating series

U (u) = Zvn,ku” = E'U(Q;0,u,0,0,...), (129)

n=0

where U(F;u) is the power series associated to F' € R in Proposition The
values of v, i for k € {0,1,2,3} and n > 0 are given in terms of v,, by

Vn,0 =0n0, Un1=0, vp2=Adn+2)v,, vy3=3n~+3)vnt1, (130)
and the first numerical values of vy, ;, for 4 < k < 6 are given by

7 5u? 259ut 110773u’ 2220941u8

W = o T T e T s T s
s () = 13u n 1793 33415u® n 26367046u" 296922843591 n
DY 81 486 8505 153090 ’
31 587u? 38525u* 84696203u° 12981245593u8
Yolu) = — o+ o - + -
1344 720 1296 58320 136080
Finally, we want to study the particular combinations of cumulants defined by
n = X Vb = On 2,...,2k—1))g, 131
K ; Un—k,k 0 T ; n—h) (( >>Q (131)
= = n—k

which will be related in Part IV to the area Siegel-Veech constants capea (Q2M,(12972)),
and the corresponding generating function

K(u) = Zﬁnu” = Z(Zu)kwk(u)
n=0 k=0 (132)
L, Lp 13, M5, 142333 o 075208 i

3 9 T ort 405 81
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In this section, which uses all of the results proved in Part II, we give explicit
formulas allowing for the numerical calculation of the coefficients of each of the gen-
erating series 1, 1k, and K (and also, as we will see in Part IV, for the asymptotic
evaluation of these coefficients). It turns out that all of these generating functions
can be expressed by a single sequence of Laurent series, which we now introduce.

We begin by defining a polynomial of degree and parity n for each integer n > 0
by B,(X) = B, (X + 1), the n-th Bernoulli polynomial with its argument shifted
by one-half. Its first values are 1, X, X2 — %, X3 - %, and X* — XTQ + TZO? and
its expansion for general n is given by

Bu(X) = > kB X"F (n=0,1,2,...), (133)
k=0
where f, is as in and (n)y =n(n—1)---(n—k+1) is the descending Pochham-
mer symbol. We extend this definition to arbitrary complex values of n by setting
Bo(X) = > (kB X" € X"CX7']  (neC), (134)
k=0
a shifted Laurent series whose expansion begins with
nn—1) _, o "n—1)(n—-1)(n—-23)
AT T xn
24 + 5760

The fact that this series is divergent for all n ¢ Z>( is not important for us, since
we will use it only as a formal series, but it is worth mentioning that 9B, (X) can
be defined as an actual function of n and X by the formula

B,(X) = —n(1-n,X+3%) (neC, X € C~(—o0,—3]), (135)

Xn74 _

B,(X) = X" -

where ((s,a) denotes the Hurwitz zeta-function, defined by the convergent series
oo _o(m+a)~s for @ € C\(—00,0] and R(s) > 1 and then for all s by meromorphic
continuation. This new function B,,(X) is entire in n (since ((s, ) has a simple
pole at s = 1 as its only singularity), reduces to the previous definition if n is a non-
negative integer, and has the asymptotic expansion for all n € C, as one can

see for instance for #(n) < 0 from the integral representation in fooo t;;i;:;gt
)

valid in that case. From the formula ([135)), or from the definition (134]) and a simple
calculation with Bernoulli numbers, we see that 9B, (X) satisfies the functional
equation

B (X+3) - B, (X—3%) =nx"! (136)

for all n, and for n ¢ Zx( this property characterizes %8,,(X) uniquely as an element
of X"C[X 1], giving us an alternative and less computational definition.

For our purposes we need only the cases n € Z>(, where B,,(X) is a polynomial,
and n € Z>g — %, the first three cases here being

1

49 341
B (X)) = X~V/2 - —x-5/2 L 2 x-9/2 _ 0% x-13/2
1/2(X) 32 t 6144 65536 to
1 7 31
B.o(X) = X2 4 —x-%2_ L x-72, _°° x-l1/2
1/2(X) * 96 6144 * 65536 ’
1 7 31
% X — X3/2 _ 7X71/2 X75/2 _ 7}(79/2
3/2(X) 32 * 10240 196608 +

We can now state our final formulas for the generating functions 1, 1%, and K.
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Theorem 12.1. Let the Laurent series X (u) = (4u)~' + .-+ be defined by

1
X =X = —= = B1X). 137
(u) 5= = BualX) (137)
Then the numbers v, defined by equations (125) and (127) are given either by the
generating series

> @+ 2, u = X(u) (138)
n=—2
or by the generating series
> Bn43)vau ™t = By (X (). (139)
n=—2

Theorem 12.2. Define X = X (u) as in Theorem[12.1] Then the generating series
Yy defined by (128) and (129) is given for all k > 0 by

Vi (u) =

k
1 k
1™ du)™/? X (u)) . 140
g 2" (o) 07 B0 (140)
Theorem 12.3. Let X and u be as above. Then the generating series (132)) is
given by

202 K(u) = B_y (X (u)). (141)

We make a few remarks on these theorems before giving their proofs.

1. By taking a linear combination of equations and we can also
obtain the explicit, though not very attractive, closed formula
2 X(u 1 1
W) = g Bya(X(w) ~ G+ g
for the original generating series ¥ (u) defined in .

2. The right hand side of equation reduces to 1 and to 5-(1—v/4u B /2(X))
for k = 0 and k = 1, respectively, so Theoremgives the correct values ¢p(u) = 1
and 1 (u) = 0 in these two cases. In fact, if we wished we could rewrite the whole
theorem as the assertion that there is some Laurent series X = X (u) = ﬁ + -
such that holds for all k£ > 0, since then the special case k = 1 combined with
the fact that ; vanishes identically would force the relation v/4u B /2(X) = 1.

3. Similarly, using that B;(X) = X we find that equation for k = 2 and
k = 3 reduces to 4u’ths(u) = —14+4uX and 8uys(u) = —2+12uX —8u®/?B, 5 (X),
respectively, in agreement with equations (130, (138), and (139).

4. The individual terms on the right hand side of have poles of order k
in u, but all the negative powers of u cancel in the sum because the coefficient
of u' in (4u)™B,,/2(X) is a polynomial of degree ¢ in m for all i > 0 and the k-th
difference of such a polynomial vanishes if i < k.

5. This same delicate cancellation means that one cannot deduce equation
from equation simply by plugging the latter into , because in the double
series obtained by this substitution one cannot interchange the order of summation.

(142)
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For the proof of Theorems [12.1] we use the formalism of the previous two
sections and in particular the power series B(u,y) and its specialization

(20)! . .
Blu,y) = B((0,u,0,0,...),9) = > B D i ru'y’ (143)
k>0 a>1,r>0
= a—r=k—2
to u = (0,u,0,0,...). It is obvious from the definition that the specialization

of B(u,y) to y =0 can be expressed in terms of the function B3,5(X) by

@R, 2 1 L.
B(u,0) = ) (k—2)! B = 3\/11%3/2(@) 20 21

What is more surprising is that the whole two-variable function B(u,y) can be
expressed in terms of the one-variable function B3,,(X), as stated in the following
proposition. This is the reason why the whole story works.

Proposition 12.4. The two-variable function B(u,y) defined by (143)) can be ex-
pressed in terms of the one-variable function B3,5(X) by the formula

2 1 —4duy y? Y 1 1
_ YLy - 144
Bluy) =374 %3/2( 4u ) > "o T 122 T (144)

Proof. We have

Buy =Y s Y F- WMoy

k=0 0ZhnZY
4 _ r+k—2 ,
=3 Z(S/Q)kﬁk (4u)k—2 Z ( . 2> (duy)" .
k>0 >0

k+r>3

The proposition then follows since the internal sum is equal to (1 — 4uy)3/2~* by
the binomial theorem in all cases except k = 2 and k = 0, where we must subtract
one or three monomials corresponding to 0 < r < 2 — k. (The term k = 1 does not
enter since S = 0 for k£ odd.) O

We observe that the above proposition and its proof are just the specialization of
Proposition tou = (0,u,0,0,...), since in that case the function U(t) reduces
to ut?, the solution T'(y) = T'(u,y) of T = U(y + T) is given by

1 —2uy — /1 —4uy

T(y) = 5%

and the integral and derivatives of T'(y) are given by

v (1 — 4uy)?/? — (1 — 6uy + 6uy?)
T dy' =
/0 (y ) Y 1202 ’

92 4u k—3/2
(k—1) _ e o >

Using Proposition [12.4] we can now give the proofs of all three theorems above.
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Proof of Theorem[12.1, We calculate 1 (u) using Theorem Differentiating ((144))
and using the obvious formula B} (X) = n%B,,_1(X) for any n, we find that

1 1 1 —4duy
/ — [P —
B'(u,y) +y = 2u \/5%1/2( ™ >7
duy

which vanishes if X = 174u is related to u by B /5(X) = ﬁ Thus the function
Yo = yo(u) occurring in Theorem is related to the function X(u) defined

in Theorem by X(u) = %ﬂo(u). Substituting this into Theorem [11.2 and
using Proposition again gives equation (142 after a short computation, and

differentiating this equation and using the definition of yo(u) once again lets us

then deduce the nicer formulas ((138) and (139). d
Proof of Theorem[12.9 From equations (124) and (114) we have, for any ¢ > 1,

W) = P0E = (B, go(w) + uolw)?)
= 788;323/)’11:%(“) + (B’(u,yo(U)) +yo(u)) 8?5;)
_ 0B(u,y)
B Ouy ‘y:yo(U). (145)

On the other hand, specializing (105]) to u = (0,%,0,0,...) and X = 1 we get

 0B(u,y) =, O n
OUp_1 lu=(0,u,00,...) Zﬁkaiyk(t(u’y ))

k=0
Substituting into this the formula

o) = o ((5))

= o e (R a- s

m=0

- (Qi)n Z (=™ (ZL) (m/2), (4u)*(1 — 4uy)m/2—k

and interchanging the order of summation we get (after changing n to k)

K 1 —4duy
m/2 —
u=(0,u,0,0,... k Z ( ) 4u) %m/Q( 4u > ’

m=0

88 ( Y)
auk 1

and now combining thls with (| and remembering that %yo() = X(u) we
obtain the formula ((140]) for the power series ¥y (u) = kU(pr—1;0,u,0,0,...). O

Proof of Theorem[12.3 Just as in Remark 4. above, equation (140) gives

P v = [u"]((20)"5 Z "2 ) patm)

=0
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for any n > k > 0, where P,(m) is the coefficient of v in (4u)™/2%B,, /5(X (u)),
which is a polynomial of degree < n in m. Summing over 0 < k < n, we find

= X o (B)em = o (1) R = me,

0<m<k<n m=0

where the last equality holds because the (n + 1)st difference of a polynomial of
degree < n vanishes. It follows that the generating function K (u) = > k,u™ equals
(2u)~1/2B 1 /2(X (u)), as asserted. O
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Part III: The hook-length moment 7},
The heros of Part III are the hook-length moments

D nEPt (p>00dd), (146)
EEYN
where Y} is the Young diagram of A and h(&) is the hook-length of the cell £. We
will show that these functions belong to the ring of shifted symmetric polynomials
and study their effect on g-brackets of functions on partitions.

In Section @ we show that T}, appears naturally in a spectral decomposition
of Schur’s orthogonality relation and as a natural function whose ¢-brackets are
Eisenstein series. The g-brackets are linear, but are far from ring homomorphisms.
In Section[I4] we give a remarkable formula that expresses the multiplicative effect of
T, inside a g-bracket only in terms of Eisenstein series and a collection of differential
operators. The proof of these formula relies on a two-step recursive expression for
the Bloch-Okounkov functions that we will give in Section[15] Finally, in Section
we apply our knowledge about T},, which we extend to include T, to prove the
quasimodularity of Siegel-Veech generating series that appeared at the end of Part I.

13. FROM PART-LENGTH MOMENTS TO HOOK-LENGTH MOMENTS

The function T, defined in has three remarkable properties that we dis-
cuss in this section. (We continue to use the notations for partitions given at the
beginning of Section ) The first property appears in the problem of decomposing
Schur’s orthogonality relation, which states that for A1, Ay € P(d)

S

peP(d)
where 2z, = d! - ([[oo_, m™ W [[>°_, 7 (u)!) ! is the size of the conjugacy class of
the partition pu. What is the contribution, if we fix m in the inner sum?
To give the answer, we denote by h(£) the hook-length of a cell £ € Y, in the
Young diagram of A and define the hook-length count and the related counting
polynomial to be

Nu\) = HEeValhE) =m}|, HAt) = Y NaW)t™ = > " e tz[1].

m=1 £EY
Theorem 13.1. For each d € N, A € P(d), and m € N, we have the identity
Z 2umrm ()X (1)? = N(N) (147)

ueP(d)

We define, as in Part I, the p-th weight S,(\) = Zle )\g of a partition \ =
(A,...,Ak). Multiplying by t"*, summing over all m > 1, and taking the
(p — 1)-st moment, that is, applying p — 1 times the differential operator D = Za%
and substituting z = 1, we thus obtain the following statement, which is the
original motivation for this section and will be used crucially in Section [I6]

Corollary 13.2. For every AeP(d)

Y S A = T,

,uGP(d)
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We remark that one can introduce a transformation f — Mf on the functions
P — Q to be

MIO) = o 3 ()

" peEP(d)

for A\ € P(d). This transformation has the feature <f>q = <Mf>q and, by the
preceding results, the image of S, under the transformation M is 7},. This was
used in [49] as one of several examples to point out that the set of functions with
quasimodular g-brackets is much larger than the ring of shifted symmetric functions.

The proof of Theorem will actually give a more general formula. For two
partitions o and A with o; < A; we define a skew Young diagram \/o by removing
the cells of Y, from the cells of Y\. We call A\/o a border strip or rim hook, if it
is connected (through edges of boxes, not only through vertices) and if it does not
contain a 2 X 2 block. We also write A\ for the smaller partition o after removing
the rim hook 7 from A. The height ht(vy) of a rim hook + is the number of its rows
minus one. There is an obvious bijection between hooks and rim hooks that fixes
the end-points of the hook. For m < d we define a |P(d —m)| x |P(d)| matrix by

1P if X\/o = is a rim hook
otherwise,

i ={ §

where A € P(d) and o € P(m). Theorem then follows from the result below.
Proposition 13.3. For each pair A1, Ay € P(d), we have

% D zuemrn (XM ()™ (1) = (D)D), - (148)
nEP(d)

Note that the matrix (D%,)T D¢, does not depend on the choice of ordering the
elements in P(d —m) that we used to form the matrix DZ,.

Proof of Proposition[13.3 The proof will be based on the Murnaghan-Nakayama
rule. To recall this, we say that o = (a1, aq,...) is a composition of d, if o; € N and
Yoo, o = d. (A partition is thus a composition with weakly decreasing «;.) Let
a ~\ a; denote the composition (ag,as,...) of d — ay. The Murnaghan-Nakayama
rule states that if A € P(d) and « is a composition of d, then

XMay= D (=DM (a N ),

[v|=c1

where the sum is over all rim hooks v of A with ay cells.

The left hand side of is a sum over u € P(d) and only those with a part of
length m contribute. We may thus use a composition p = (m, az(u), as(p),...) to
evaluate the left hand side. Let g/ = (aa(p), asz(p),...) and use ~; to denote rim
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hooks of A\; below. Then we have

53 s () ()

" HEP(d)
z

= Z j:mrm(ﬂ) Z (,1)ht(’h)x>\1\”fl(‘u/) Z (71)ht(72)x>\2\72(,u/)

peP(d) Iy1l=m y2=m

Zu! N o

= Z (d_i“"n)' Z (,1)ht(’h)x>\1 ’Yl(lu/) Z (71)ht(72)x)\2 ’72(MI)

WP (d-m) " \ril=rm (ral=rm

2!

— Z Z (_1)ht(%)+ht(72) Z (d_#m)'XAl\“/l(M/)XAzxvz(M/)

[y1l=m |y2|=m n' eP(d—m) ’

- Z Z (71)ht(%)+ht(72)6>\1\71 A2Nv2-

[v1l=m |y2|=m

This agrees with the right hand side by the definition of DZ O

m-*
The second remarkable property is that the g-brackets of T}, are Eisenstein series.

Proposition 13.4. Forallp € Z

(Tp)q = Z op(d) q.

d>1

Note in particular, that (T_1), = —log((¢)) is not a quasimodular form, but
almost, in the sense that its derivative is quasimodular. This statement can also
be deduced from Corollary and below we give an elementary proof.

Proof. For any given d € N, the multiset of hook-lengths of all partitions of d is
equal to the multiset that is the union over all |A\| = d of A; repeated A; times.
This fact appears in many guises in the combinatorics literature, e.g. in [4]. In our
notation

i Z Hy(2)q? = ZZ/\jz’\fqW.
d=1|\|=d A >0

In the right hand side of this expression, the coefficient in front of z™ equals

Zmrm(/\)qm = ¢" i( Z qA1+~~+>\j—1)( Z q>\j+1+)\j+2+..4>
A

J=1 Az 2X12m m2Aj 12X 422>
_ _ qm
=¢" Ja-¢H)" [[O-¢H" = ———r
dgn }; (@)oo(1 —q™)
Consequently,
o0 qm

@D D ()" = D 2" = D am

d=1|)|=d m>1 d,m>1

The claim follows by taking the (p — 1)-st moment, that is, applying p — 1 times
the differential operator D = z% and plugging in z = 1. [



DAWEI CHEN, MARTIN MOLLER AND DON ZAGIER

72
—
i
3
]
+ .
— — 3 N
+ + o+ 5
~ e = S s
i —J

FIGURE 3. Hooks in Frobenius coordinates, for a cell inside (left)
and outside (right) the central square

Finally we define fp :P— Q by

~ T,(A) + 3¢(—p) for p>1odd
0 for p even,

or equivalently by the generating function

1 z —z 1 -2 2
pon - ) e + anly) < F Q[l="1] -
(149)

The following result describes these functions in terms of the basic invariants Qg (\).

1 Sl
=+ 2> T,
p=1

Theorem 13.5. The function T, : P — Z belongs to the ring A* of shifted sym-
metric functions for every odd p > 1. Ezplicitly, the function T, : P — Q is the
homogeneous element of weight p+ 1 given by

T p+1
(Z’p_()i))' = % S DFQN) @pirk (V) (p=1). (150)
' k=0

In terms of generating functions, we can restate formula (150)) as

o Zp71
S +2Y 0 oD =~ HEWAE) (= MW ()

where W) (z) is defined as in (65).

Proof. Denote by H>(\1)(t)7 H>(\2)(t)7 and H§\3) (t) the contributions to H)(t) coming
from the cells s = (4,j) € YAy with 1 <4, j<r, 1<i<r<j,and 1 <j<r <i,
respectively, where (r;a1,...,a,;b1,...,b,) are the Frobenius coordinates of A. If

1 <i,j < r, then (see Figure left picture) the hook from s has end-points

(151)
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(i,i4a;) and (j+bj;,7), s0 h(s) = (i+a; —j)+(j+bj—i)+1=a; +b; +1. Hence

UGN ST R SIS LI R S

i, j=1 c,cleCy c,c’eCy
c>0>c/ cc’ <0

If 1 <4< r < j, then (see Figure [3| right picture) the end-points of the hook
from s are at (4,4 + a;) and (k,j), where i < k < r is the unique index with
E+14+ap <j<k+ag (resp. r < j <r+a, if kK =), so here h(s) =
(i+a;—j)+(k—i)+1=a;+k—j+ 1. Hence

r r—1 ,_ -1 _ _
> o rarm=l a1 g
H§)<t>=Z““(Z -1 R )

i=1 k=1
ta i+1 C+2 -1
— ta’l._ak tc c
E + § - + ) —
1<i<k<r c,c/€Cy ceC)y
e>e/>0 c>0
(2) _ -
HP 1) + HD (1)) = — ZtCC—FZtl/Q_ 7 -
c,c EC‘)\ ceCy
c, ¢/ >0 c>0

Similarly, or by interchanging the roles of the a; and b; (i.e. replacing A by AY),

c—c’ —t°
HYW) + HY /) = — >t _Ztm_ —7 -

c,c’eC)y ceC)y

¢, /<0 e<d’
Adding all three formulas we get
c—c’ ¢ -t
Hy(t) + Ha(1/t) = — > sgn(ed)t™" + > sgn(c) s =i
c,c'€Cy ceCy
0 0 V2 0
= —wy(t)wy(1/t) + P— (wX(t) + wX(1/1))
t
= —wy(t)wr(1/t) — ————
w(t) wa(1/?) T
where w9 (t) and wy(t) are defined in (64). In view of ([49) the above identity is
equivalent to equation (151]). ]

14. A FORMULA FOR ¢-BRACKETS INVOLVING T},

With the applications to Siegel-Veech constants in mind, the most important
among the functions T}, is the case p = —1. Here T, is not a shifted symmetric
function and the Bloch-Okounkov theorem does not apply. The motivation for
this section is to isolate the p-dependence outside the g-brackets and to interpolate
the quasimodularity proven for p > 1 to p = —1. This is achieved by discovering a
general formula for the g-bracket of the product of T}, (p > 1 odd) with an arbitrary
shifted symmetric function. _

The basic observation, first made experimentally, is that the g-brackets (T}, f)4
for a fixed element f € R and varying odd numbers p is a linear combination of
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derivatives of Eisenstein series with coefficients that are independent of p, i.e.

(T, f), = > pii(£)gGliyy  foralloddp>1, (152)
i,7>0

where Gl(j ) .= DiG), and pii(f)g € M,. Notice that the quasimodular forms
pi.;(f)q are uniquely determined by this for ¢ even (since p takes on infinitely many
values), while those for ¢ odd are completely free (since Gy, = 0 for k odd). We then
find that the quasimodular forms p; ;(f), have natural lifts from M, to R, i.e. there
exist linear operators p; ; from the Bloch-Okounkov ring to itself such that

(T, ), = 3 {pis(5), Gy foralloddp>1. (153)

4,520

In view of the formula for fp as a quadratic polynomial in the QQ;’s given in the pre-
vious section (equation (151))), we can rewrite (153)) in terms of the Qg-generating
series W(z) as

1
F(u,—u7z1,...,zn)+§F(21,...,zn)

, wP—1 (154)
= -2 Z (Pig(W(z1)- W(Zn))>q G;(D]JZiJrl -1
i,5>0 .
p>1o0dd

where W and F' are defined in and . It is in this form that we will prove
in Section For this purpose, however, we need to know explicit formulas for
the maps p; ;. We remark that finding these formulas required a combination of
nuqlgrical computation, interpolation, and guesswork, because the g-bracket from R
to M, is far from injective and gives only the g-brackets, not the maps p; ;
themselves. It eventually turned out that there is a natural lift. The maps p; ;
admit two quite different-looking descriptions, one as differential operators on the
ring R and one via a closed formula for p; j (W (z1) -+ W (z,)) for each fixed value
of n, analogous to the two types of generating functions (correlators and partition
functions) used in Section

We begin with some preliminary observations. For compatibility with the weight
we require that p; ; has weight —¢ — 2j5. We also require the initial values

pio = 6;0-1d, po,1 = O, (155)

where 0y is the derivation of degree —2 on A, sending Qr to Qr_2. Next, for
compatibility with we require that [p; j, Q2] = p;j—1, or equivalently, that

pij(Q2f) = Q2pi;(f) + pij-1(f) (156)

for all f € A* and 4, j > 0, where p; j_1(f) = 0 if j = 0. Finally, for the effect of
pi,; on powers of the generator )3 (which are the only important ones for the case
of the principal stratum, since fo = %Pg = (@)3) we find the simple formula

Qy Qi . o
5 . fo<i<j<
pa(B) = iy TOEIEIER (157)
n!
0 otherwise.

(with Qr = 0 for k < 0) which together with (156|) already describes the action of
Pi,j on Q[Ql,QQaQS‘] C R.
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We now observe that equation ((157) can be rewritten as

Q. ¥
Q@s] 20+ 1)! 9Q4
This suggests that p; ; may be expressed as a differential operator on R, and further

experiments suggest that it is linear in the generators g, but polynomial in the
derivations 6%&. We therefore write

N, (00
pij = k:Z:OQk Pi.; (87)1’8792"”)’ (159)

where to simplify later formulas we have used @ for the linear part (including
Qo = 1), but p, = Q41 for the derivations. Here the polynomial pg? in
the variables uy has weight i + 25 + k and degree j, where u, has degree 1 and
weight ¢ + 1 (and therefore, since Q) has weight k and degree 0 or 1 depending
on whether k& = 0 or k£ > 0, that the full operator p; ; has weight —i — 25 and

mixed degree —j and 1 — j). Because of this bi-homogeneity property, there is
(k)
2,7 °
this language, equation says that the constant and linear terms of p(*) are
S0 and ugi1/(k + 1)!, respectively; the differentiation property translates
into the property p®) (uy,us,...) = e p¥)(0, us, .. .); and equation says that
p™)(0,u,0,0,...) = 2FuF~1e* for k > 0.

To find the full formula, the key observation is that p*+1) = dp(*)(u) for all k&,
where d is the derivation $°°°,(i + 1) u;+19/0u; on Q[[u]]. Tt follows that p*) =
d*p for all k > 1. We were not able to recognize the coefficients of the power
series p(©) directly, but the next case p*) turned out to be easy to recognize, since
if we made the choice

pM(a) = 2 exp(us +ug +uz+---) (160)
and then defined the other p*) as d*~'p(*) (meaning in the case of & = 0 that we
have to integrate once with respect to d), then we obtained operators having the
right properties. To get the £k = 0 term, we note that, since we are free to choose

the operators p; ; for ¢ odd in any way we want, we can replace (L60) by its odd
part

Pi;j (158)

no loss of information if we consider only the power series p(¥) = Ei’ ;P In

p V() = exp(us +ug +ug+---) — exp(ug —ug +ug —---). (161)

This can now be integrated to give the formula p(®(u) = fol VO-UE=1) gt
where U(t) = 3 u,t™ as in (99), because from d(U(t)) = U’(t) and U(0) = 0 we
obtain

1 1
d(/ QU H-U(—1) dt) _ / d<eU(t)—U(t—1)) — QUM) _ U=
0 0

Now applying powers of d to get formulas for the higher p(*), we are led to the
following final formulation of the experimentally obtained expression for the oper-
ators p; ;, which includes all of the special cases discussed above:

Theorem 14.1. Define power series p*) (u) for k > 0 by the generating series

oo Uk v+1
Sy = [ o nar (162)
k=0 ’ v
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with U (t) = > upt™ asin , and let p forz § >0 be the part of p*¥) of degree j
and weight 1 + 25 + k. Then equation holds with p; ; defined by (159 .

This theorem can also be expressed as a formula for the action of the maps p; ;
on the generating function ®(u) = exp(pml +pous + - -+ ) whose ¢- and X-brackets
®(u), and ®(u)x were studied in Section For the reasons of weight and degree
explained above, it is enough to specify the actlon of the total operator p =), j Pi
on . In view of . this action is given simply in terms of a first-order differential

operator in the u’s
1 oo t=1
1d 0
p(®(w)) = (/ UM-UGE=1) gy 4 77( Ut)~U(t— 1)) ) B(u).
0 - 2 d ¢ t=0 8’U,g
In the rest of this section we give a proof of the following for the action of p; ;
on products W(zy) - -- W(zy,), which is what we need for (154)).

Theorem 14.2. The effect of the operator p; ; defined in Theorem on momno-
mials Qp, -+ Qr, of fixed length n is given in terms of the generating function

W(z) =3 Quz""" by

pii(W(z1) - W(zn)) = > Wi(zy) ) I W) (163)
‘J:”C:NJ veN~J

where N = {1,...,n}, zj = > ;2. 35 = {2, € J}, and the polynomials
Ri(3) are given by the generating function

> ;e —1 1—e "  sinh(tz;/2) sinh(tz,/2)
2 RGE = ]~ = t/2 11 t/2

=0 veJ

Note that formula (163)) makes sense, even though W(z) is a Laurent series

beginning with 1/z, because the polynomial R;(3) is divisible by z;. Notice also
that the formula implies p; j (W (21)--- W (z,)) =0if n < j.

vedJ

Proof. Write the polynomials R;(37) as R; j(3.) (j = |J|) for clarity, and for £ > 0
set

RM(35) = 57V Ri;(31),
which is a homogeneous polynomial of degree i+j+k (even for k = 0, as just pointed
out). In view of the definition (159)), the equation to be proved is equivalent to

P (W () Wiz)) = Y. RMG) T Wia). (164)

JCN veNNJ
[J]=3

To prove (164]) we will use the linear map € : Q[z1,...,2;] — Q[u] defined
in (@ This map satisfies the general formula

Qj(R)(a%,a%,...)(W(zl)...W(zn)) - ;R(3J)y€1;[\1vv(zy)
[I7=7

for any symmetric function R in j variables, because

Ope, -+ Ope, B > AR I we).

1<iy,..i;<n
SRR ij distinct v@{iy,..., ij}
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by induction on j (since W (z)/0p, = z*/¢!). Therefore (164)) will follow if we show
that

pgj)(ul,ug )= Q (R( )(zl,...,zj)). (165)
This is true for k = 1 because the definition of R;(3) via generating functions can
be expanded as

i Z?l...zﬂj
Ri(z1,...,2)) = (1+(-1)%) E o .;_, (166)
;!

ny,.mi>1
ni+tnj =i+l

or, in view of the definition of €2, as

QJ(RZ)(U) = 1+§|1)Z Z Upy =" Un;

Nyt =it

which agrees with p(-l-)( ) by virtue of either (160) or (161). The case k > 1 then

follows because p(- ) = dp(lC D

g and because the map §); satisfies

Q; (27 R(35)) = d(R(3.))
for any polynomial R, as one verifies easily. The case k = 0 follows from the same
observation together with the fact that the representation of a function of u as
Q;(R) is unique if R is assumed to be symmetric in its arguments and divisible by
their product. O

It is perhaps amusing to note that the polynomials R( ) are virtually impossible
to recognize numerically, whether they are written in the variables z, or in their
elementary symmetric polynomials, unless £ = 1, which is the one case that one
cannot find experimentally, because the coefficient )1 in vanishes identically.
In practice, we found expressions in terms of elementary symmetric polynomials,
such as

(k) _ 2 (=1)"(a+b+1)! k+a b+1
Ri,2 (21’22) - (Z+2)' aJr;:i (a+1)'(b+1)' (Zl+22) + (2122) +

for 7 = 2 and a much more complicated expression for j = 3, and then worked
backwards from there.

15. CORRELATORS WITH TWO DISTINGUISHED VARIABLES

The information we need to calculate the effect of T}, on g-brackets will all follow
from the theorem below and its corollary. To formulate this theorem, we let Z(u)
(¢ > 0) be the functions defined by

O(u+v)0'(0) Z Zuu

O(u) 6(v)
By [48] equation (15)], these functions are given by
0'(u) 1 u”
7 = = = — -2 r —,
O(U’) e(u) C(u) u ;G +1 !
o = (167)
min(r,£
Ze(u) = =2y Gy = T =0,

r>0
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Theorem 15.1. A Bloch-Okounkov correlator involving two distinguished variables
u and v can be written as a linear combination of products of a correlator involving
only u+ v and a function Z,; involving only one of the variables u and v. More
precisely, we have

Fuw,v,35) = 3 Flut vtz 350) Y (D" (Z(ut 20 + Ziy (o +20)).
JCN icJ
(168)

This will be proved at the end of the section.

Corollary 15.2. A correlator with two variables uw and —u that add up to zero
can be expressed in terms of the nearly-elliptic functions Z; and correlators not
inwolving u by the formula

F(u,—u,3n) = Y F(zs, 35¢) M(u,3,), (169)
JCN
where M (u, 37) is defined as ¢'(u) if J =0 and by
M(u,35) => (=D)"NZ (21 +u) + Z)5)(21 — ) (170)
ICJ

i1 = 1.

Proof. The terms with J # () in (169) are obtained from (168) by specializing
to v = —u. For the J = () term, we use Theorem (iii) to obtain

lim Zo(u) — Zo(u —¢) _F

Jim, Flos03w) = F(3) iy 200 (53 4.
because Z|(u) = ' (u) = M (u). O

We remark that for the following proof of Theorem [14.1] we only need this corol-
lary, but its statement seems not to allow an inductive proof (since after applying
the recursion we are left with correlators involving the variable u just once),
so that we are forced to show the more general result .

Proof of Theorem[I7.1} In view of Theorem we have to prove (153) with p;
defined by (163)). Applying the g-bracket to the latter and using the definition of
correlators we obtain

(Pig(W(z1) -+ W(z))), = [ Y (1—e) - TJ(e™ =1) - Pz, 35¢).

JCN veldJ
[J]=3j

Substituting this and (169)) into (154]), we see that the formula to be proved reduces
to the two identities

1 uP~t
M(U)+E = -2 Z Gp+1m
p>1odd
and
() ub~! it1 —tzy e —1
M(w30) = =23 > Gy gy N0 =0 { 1] =
i>0 p>1 p ’ velJ

ieven podd

(171)
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for |J| = j > 1. The first of these follows from (167) and the second follows by
noting that

[ H e —1)\ [fi+9+1] Z(,l)mfm tar _ Z(—l)”"m 4
N © = (i+j+ 0

ved IcJ IcJ
) etzv — 1 ) Zi+j+1
(e ) = (i
};[J t IQE:J (i+j+1)!
and then calculating
() i) 0t w
RHS of (IT]) = —4 > @V 3 (-1 E1
; k Izc;] sz:;l (i+5+ 1! (p—1)
k even = i,p>0, ieven
- i (21+u)k+j’1+(21 —u)””j*l
= -2 (—1) 1] a9 . .
Izg;f kzz: § (k+j—1)!

k even

Now the claim follows from (170 and (167 together with the fact that
S (-1)1P) =0

ICJ

for any polynomial P of degree smaller than |J| = j. O

Proof of Theorem[15.1, We define ﬁ(BN) = %(,Z(g)) F(3n). We can change F to F
everywhere in the theorem without affecting the truth of the statement, since the
sum of the arguments of F' is the same in all terms. We denote by G(u,v,3n) the
right hand side of (168]), so that we have to show that G(u,v,3n) = F(u,v,3n),
or equivalently that G(u,v,3x) = 0(u+ v + 2x)G(u,v,35)/0'(0) = F(u,v,3n).
We will do this by comparing poles and elliptic transformation properties.

It is easy to see that the residue at z, = 0 of the function F(u,v,z21,...,2,)
equals F(u,v,z21,...,2,-1) and that the residue at z, = 0 of G(u,v,z21,...,24)
equals G(u,v,21,...,2n—1), so by induction on |N| the difference F — G has no
poles at z, = 0. For the poles at © = 0 the calculation is even easier: the residue of
F(u,v,21,...,2n) at u=01s F(v,21,...,2,), and the residue of G(u,v,21,...,2y,)
at u = 0 is easily seen to have the same value. In fact, only the term J = ()
in the definition of G contributes, since Z; is holomorphic for j # 0. Finally, if
u+v+z; =0 for some J C N (which we can assume is unique, since we can assume
that all the variables are generic), then the left hand side of has no pole and
the right hand side is also non-singular because the terms for I and I¢ = J ~\ [
cancel since (—1)1°1Z ;) (v+27) = ()N Z 5 (—u—zpe) = —(= 1)1 Z, 5 (u+ 27e).

For the elliptic transformation properties, we recall that Bloch and Okounkov
have shown in [7] the elliptic transformation law

F(zi+72,. ) = > (DT F(25,350). (172)
1€eJCN

We introduce the difference operator A, which associates to any function f(z),
possibly depending on other variables, the difference (A, f)(z) = f(xz + 1) — f(2).
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Then (172) says that A, F equals the right hand side of (T72) with the term J = {1}
omitted, while for Z, we have

¢ . (71)Z+1
AuZi(u) = ,;(”k(k) Ze-at) + gy (173)

Since both sides in (168]) are symmetric in the variables z1,. .., 2z, and also in u
and v, is suffices to show that the differences of F' and G with respect to (say) 21

and u agree, in which case F-Gis periodic and holomorphic in all variables, hence
is a constant.
We start with the variable u. We have

AF(u,v,3n) = > (DI F(utzs,0,350) = > ()" F(utvtzm,3m:) .
0#JCN HCN

We can compute the first summand using the identity we claim, which is true by
induction on |NJ|, since |J¢| < |N| for J # (). This gives

0#JCN 0#AJCKCHCN

(Zigg(u+z2k) + Zigg v+ 2k — 27)) -

Combining the terms we obtain

Auﬁ(u,uf)]v) = Z (—1)‘H|a(H) ﬁ(u—i—v—&—zH, 3me),
HCN

with

oH) = () + Y (1)H|A+1<|H|I_ A) Za(u+ z1)

ICH
|H~I|SA<|H]|

+ X (N 2.

ICH
[T|<SX<|H]|

On the other hand, using (172)) and (173)), we obtain

AG(u,v,3n) = Y (-DMIBH)F(u+v + 21, 3ue)

HCN
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with

7]
sH) = S (-p (Z <Jl> Zg—p(u+ 21) + Z|J(U—|—z])>

ICJCH 0
i (=D
*;H ERAN(ES)L
— Z(fl)m(z‘]ﬂ(quZ]) + Z|H|(U+Z[))
ICH
_ 1\ Cnea (P (HI = o
<;H|( K L1|<;|H( Y (A> (|H|") s
|H| — |1
P o (50 )Z“““’)
[T|<N<|H|
1)1+
JCZH \J|+1 ';,

Notice that the expression in the square brackets equals

(_1)|H|—A(|H|I| A) - [le\—A](i(Hin (14 )01, (174)

which is zero when A < |H ~\ I|, and the summation of the constant terms is equal
to —1 with the only non-zero contribution coming from J = . It follows that the
formulas for a(H) and S(H) agree.

The difference with respect to the variable z; behaves similarly. We have

Azlﬁ(zth,...,zn,u,v)
= > DT FCru,30) + > (D F(zy +utv,350)
{1}CJCN 1ETeN
+ Z ‘J‘ ZJ+uaU;3JC) + ﬁ(ZJ‘FU,U,:’)Jc))
1€JCN
= Z Z ‘JHINHJQ‘HF(%+u+v,zJ,3(JUJ2)C).
{1}CJCN ICJ,CJe
(21,1 (21 + ) + Zy gy (21 +0))
+ Z ZH+U+’U3Hc) a(H)

1€eHCN
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with
alH) = > (“D'N(Zk (er +u) + Zig (21 +0))
1gICKCH
+ (1)

+ Z (_1)|I‘(Z|H\J|(ZI+ZJ+U)+Z‘H\J|(Z[+ZJ—|—1}))

I,JCH, INJ=0
leJul, J#0

[H|-1
= S ot 1 H)(Ze(zr +u) + Zolzr + )
1¢ICH ¢=|1|
[H|-1
+ 3 i LH)(Zizr +w) + Za(zr +v))

1€ICH ¢=|H|—|I|
+ (=1)

where, taking I U J as the new I and ¢ = |H \ J| for the transformation from the
second summand to the fourth,

|H| — |1
ap(6, 1, H) = (=) ( " >
and
ar (6,1, H) = (=)= (|H||[| z) '

Computing A, of the right hand side we distinguish the case 1 € J¢ which is

the only one where terms of the form ﬁ(ZJ +u+wv, 25,3501, ) appear, the case
1 € I and the remaining case 1 € J \ I. After simplifying, we obtain that

A, @(21,2’2, Ceey Zny Uy )
Z Z (_1)|J|+‘I‘+‘J2|+1F\(ZJ +u+ U>ZJ273(JUJ2)C) ’

IC ICN {1}CJ2CJe

. (Z‘J‘(Z[ +u) + Z‘J‘(Z] + ’U))

+ Z ‘H|F (zg +u+v,3pu:) B(H)
1€HCN
with
B(H) = Z (_1)‘1‘(Z|J\(ZI+U)+Z|J|(ZI+U))
1¢ICJCH
+ Z IIH_l Z|H|(Z[+u)+Z‘H‘(ZI+U))
ICH
‘J‘ |J| _1)|J‘+1
+ Z (1) Z(l)k( 1 )ZJ—k(ZI +u) + Zg—(2r +v) +2- T+
1€ICJCH k=1 :

+ Z (_1)|I‘(Z|JI(ZI+U/)+Z|J|(ZI+U)).
1eICJCH
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EENLIEAE]
Notice that the summation of 2 - % ranging over 1 € I C J C H equals
—1, where the only non-zero contribution comes from J = {1} (for fixed J and
for varying I). In addition, set £ = |J| — k in the summation of the terms with

subscript |J| — k, and apply (174) to simplify. We conclude that

|H|—1
BH) = Y > Boll. ], H)(Ze(zr +u) + Ze(z1 +v))
1¢ICH ¢=|I|
|H|-1

+ > Y BT H)(Zi(zr +u) + Zo(zr +v))

1€ICH ¢=|H|—|I|

+ (1)
where
il |H| |I|>

ﬂO(&I»H) ( ) <€—|I|

and
a3
(e, ) = -y ().

We see that ag = Sy and a3 = f1, hence a(H) = S(H). |

16. APPLICATIONS TO T_1 AND TO SIEGEL-VEECH CONSTANTS

We saw in Proposition that <T_1>q is not a quasimodular form, but the 7-

derivative is. In this section we use the formula (153]) on the effect of T}, to deduce
that a certain linear combination of brackets involving 7" is indeed quasimodular.
We apply this to prove the quasimodularity of area Siegel-Veech constants.

Theorem 16.1. For all f € Ay, the modified q-bracket

1

(Nlg = T-1fg = (T-1)a (Fla — 57 (%2(F))g (175)

s a quasimodular form of weight k. More precisely, we have

Ny = 2 G2 ),

i>2,j>0
where pf; = pij+ 0i2 pojt1 -
Proof. From (153]) we get, for p > 0 odd,
¢(=p)
(T, f>q = Z (pi,i(f)) (G[()le—i—l — 0i+j,0 5 ) .

i>0,j>1

Using p;o = 0 for i > 0 and T,(A\) = >, mP~'N,,()), where A — N, () is the
hook-length counting function of Section , we can rewrite this as

Zmp71<Nmf>q = Z pii(f ZTLJUP-H

m>0 i,5>0 n=1
i even
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Since a function of the form p — > a,m? on {p € N, p odd} determines all
the a,, uniquely, we deduce

Nut), = X (Em oy ) (),

i

Therefore,
Taf), = S (Nng), = Y (3wt ),

m=1 :GJVZPS m,r>0

= Z Gz(‘j) <pi,j(f)>q + ( qm > <f
i>2,5>0 m,r>0
£ 306+ 5165 (o)),
j>1

In view of the formula pg; = 0> and Proposition this gives the claim. O

We can now prove Theorem [6.4] of Part I. Recall that Eskin and Okounkov have
shown ([18]) the quasimodularity of the generating function of Hurwitz numbers

N'(Il) € Mcyiqmy,  N°(I1) € Meyiqm (176)

where wt(IT) = > wt(u;) for IT = (p1,. .., pn) and the weight of a b-cycle is de-
fined to be b + 1. This is a consequence of the Burnside formula and the
Bloch-Okounkov Theorem using the formula and the fact (|29]) that the
character functions fj in (52)) are shifted symmetric functions. (We give exam-
ples in Section ) The formula provides the passage to the connected case.
Moreover, since fo = @3 is a shifted symmetric function of pure weight three, the
modular forms N'(Tt") and N°(Tt") are pure of weight 3n.

Proof of Theorem[6.4. We start with the case p; = Tr for all 4, that is II = Tv".
Combining the passage from counting all covers to counting covers without unram-
ified components in , the Siegel-Veech analog of the Burnside formula , and
Corollary [13:2] we deduce that

(1) = (Tygp), — (8, (T, (1)
and the preceding remarks together with imply that for p positive c},(Tr") is
quasimodular of weight 3n+p+1 =69 — 6 + p+ 1. Moreover, d5(Q%) = 0 implies
that

() = (f3), (178)

and this is a quasimodular form of weight 3n = 6g — 6 by Theorem

For all odd p > —1 we can use to recursively conclude that the generating
functions cg(Tr”) for counting connected covers with Siegel-Veech weight are also
quasimodular forms of weight 3n + p + 1.

In the general case, the same argument works, except that now fj is not pure,
but a linear combination of shifted symmetric functions of weight < k + 1. Since
0z also decreases weight, we conclude that cg(,ul, .+ by is quasimodular of mixed
weight <p+ 14> 1 (Jju| +1). O
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Part IV: Volumes and Siegel-Veech constants for large genus

We return here to the geometric set-up around Siegel-Veech constants in Part I.
Using all of the results of Parts I-III, we find closed formulas for both the Masur-
Veech volumes and the Siegel-Veech constants of the principal stratum in terms of
generating functions related to Hurwitz zeta functions.

While the focus in Part I was on Hurwitz spaces, we show in Section that
the large degree asymptotics also provide the Siegel-Veech constants for strata. In
addition, this section contains a short digression on interpreting the non-varying
phenomenon for the sum of Lyapunov exponents in terms of our quasimodularity
results.

Finally, Sections [I8 and [I9] prove the Eskin-Zorich conjecture for the large genus
asymptotics of Masur-Veech volumes and Siegel-Veech constants for the case of
principal stratum.

17. FROM HURWITZ SPACES TO STRATA

We have worked out in Part I a combinatorial formula for Siegel-Veech constants
and proved in Part III the quasimodularity of their generating functions. We now
show that we can determine the area Siegel-Veech constants of strata (i.e. of any
generic flat surface in a stratum QMg (mq,...,m,)) as limits of Siegel-Veech con-
stants of Hurwitz spaces. In this context, the non-varying phenomenon for sums of
Lyapunov exponents (or, equivalently, for area Siegel-Veech constants) discovered
in [11] turns out to be just a proportionality of two quasimodular forms. We will
discuss this in the second part of this section.

To determine Siegel-Veech constants of strata we use Hurwitz spaces with ram-
ification profile IT = (p1,. .., n,) where each p; is an mj;-cycle.

Proposition 17.1. For any stratum QMg(m4,...,m,) the normalized combina-
torial area Siegel-Veech constants converge to the area Siegel-Veech constant of a
generic surface (X,w) in that stratum, i.e.

D
iZdzl 4 (d, I1)
2 D
T Y Ny ()
The proof is an adaptation of the argument of Eskin written for the case of
arithmetic Teichmiiller curves in |9, Appendix].

Carea(X,w) for D — cc. (179)

Proof. We abbreviate m = (m1,...,m,) and vol = v (M (m)). We let V =
V(X,w) C R? be the weighted subset of holonomy vectors of core curves of cylinders
on (X,w) with multiplicity equal to the area of each cylinder. We denote by f the
Siegel-Veech transform (cf. ) of a compactly supported function f : R? — R
with respect to V. Then applied to the stratum and the Hurwitz spaces gives
1 ~
— F(X) dvg (X) = carea(QlMg(m))/ fdzdy (180)
vol Jaa, (m) R?
and

1 ~
Vl(QlHd(H))/andm) f(X)dn(X) = carea(Hd(H))42fdxdy (181)

for any fixed generic flat surface (X4, wq) in the Hurwitz space H,4(II).
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The key step is that the uniform density of rational lattice points in period
coordinates implies by the arguments in [18, Section 3.2] that for every pointed
elliptic curve E in My,

o Zgm e FOX) v (X) (182)

D—oo 25:1 Nc(l)(H) vol Q1 M, (m)

where

fam = > F(X)

T:X > E
EHurg(H)/N
and where 7 : X — F is the covering topologically specified by the equivalence class
of a Hurwitz tuple in Hur)(II) (i.e. up to simultaneous conjugation on the Hurwitz
tuples). We use the claim and together with an extra averaging over Q3 M,
and interchange limit and integral by dominated convergence to obtain that

L A 1 1 -
1 XdysrX:hmii/ X)do, (X
vol Ql./\/lg{‘rgl) ) dvsir(X) d—oo U1 (3 M1.) QlM17nN§(H) m;E f(X)dr (X)

eHurY (1) /~

1 o~
— lim 7/ F(X)d (X
d—oo 11 Q1 Hg(I)) Q1 Hg(II) ) )

= lim carea(Ha(ID)) fdxdy .
d— oo Rz

The proposition now follows from Theorem [3.1| by comparing the preceding equality

to (I81). 0

In the remainder of this section we relate the non-varying phenomenon for strata
in low genus and the quasimodularity theorem for Siegel-Veech constants. In [11]
we called a connected component of a stratum QM y(m) non-varying if for every
Teichmiiller curve C' generated by a Veech surface in that component the sum of
Lyapunov exponents for C' is the same as the sum of Lyapunov exponents for the
whole component. Since the main theorem of [13], as recalled in (37), holds for
all SL(2,R)-invariant submanifolds and since xk depends on the stratum only, we
may replace “sum of Lyapunov exponents” by “area Siegel-Veech constant” in the
definition of non-varying.

The non-varying phenomenon holds for a number of connected components of
strata in low genus and was discovered experimentally by Kontsevich and Zorich.
It was first proved in [11] by exhibiting geometrically defined divisors in the moduli
spaces of (pointed) stable curves that are disjoint from Teichmiiller curves in a given
stratum. Later on another proof was given by Yu and Zuo in [47] using filtrations
of the Hodge bundle over Teichmiiller curves.

For a connected stratum QM (m) non-varying implies that the quasimodular
forms NO(puy, ..., pn) and c® (1, ..., pin), where p; is a cycle of length m; + 1, are
simply proportional. In fact, the Hurwitz spaces Hy(II) considered in this paper
contain a dense set of Teichmiiller curves and the argument of Proposition [17.1
in the form of |9] implies the claim. Conversely, we expect that the non-varying
phenomenon restricted to the class of arithmetic Teichmiiller curves can be shown
by extending the quasimodularity theorem to Hurwitz spaces with more than one
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ramification point in the fiber over a branch point. Note that the case of non-
arithmetic Teichmiiller curves is not in the scope of the discussion here, because
they do not arise from a covering construction.

We present examples for all strata in genus two and three. To compute volumes
and Siegel-Veech constants using the formulas in the preceding sections, we first
need to express the functions f; defined in as polynomials in our standard
generators of the ring of shifted symmetric functions. This goes back to work of
Kerov and Olshanski ([29]). Explicit formulas have been compiled e.g. by Lassalle
(133]). The first few of these functions are

1 1
f1—p1+ﬁ fz—ipz
1 1, 3 9 1 4
_ o 1. 3 9 R 2 183
f3 3P3 — 5P + i + 610 fa (P —p2pit 3P2 (183)

1 14, 54 175 5, 25 2375 40625
fs = gps —psp1—gPat gPi— e Pt g P T Pt sgog0s

The counting functions with and without Siegel-Veech weight for the principal
stratum in genus two and three have been given in . By Theorem we can

now confirm that

&L (Tr?) = ZNO(Trz) =

5 1
S~ (5P%?—-3PQ —2R).
125920 3PQ -~ 2R)

The modular forms

—6P% + 15QP* + 4RP? — 12Q?P? — 12RQP + 7Q° + 4R?

NO T 4 —
(Tr) 1492992

and
O (Tt = —34P% + 87QP* + 20RP3 — 72Q*P? — 60RQP + 39Q° + 20R?
5971968
are not proportional, but since the principal stratum in genus three does not have
the non-varying property, we did not expect them to be proportional, either.
In the stratum QM5 (2) we let II be a single 3-cycle o3. The Siegel-Veech constant
is given as the ratio of

1 1 1 9
NO = = P2 Q- P+
(03) = {fs), = 35 960° ~ 61" T 610
= 3z + 9z* 4+ 272° + 4525 4+ 9027 + 13528 + 2012° + - - -
and
0 10, 4
cy(o3) = <T1f3>q—<T—1>q<f3>q = EN (IT)

10 670
= 3933 +10z* + 302° + 502° + 10027 + 1502° + ?xg + -
confirming the proportionality expected by the non-varying property.
Similarly, in the stratum QM3(3, 1) we let II consist of a 4-cycle o4 and a 2-cycle
Tr. As expected we find the proportionality of
1

N%(04,Tr) = 272160

(=35P* + 140P® + 42QP? — 84Q + 8RP — 15Q° — 56R)

and

21

& (04, Tr) = <T_1f4f2>q - <T—1>q<f4f2>q = ENO(H)-
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In the stratum QM3(2,1, 1), the non-varying phenomenon is again confirmed by
N%(o3,Tr, Tr) = (fsf3), —(f3) (f3),

1
= — (=P°+ P*+20P% - 320P% - Q°P 2
55296( +P 420 32¢ QP +Q)

and
(o3, Tr, Tr) = (Torfaf3), — (T-1) (f312),

49
— NO(TI'Z)C(ll(O'g,) — ch(TrQ)NO(ag,) = %NO(O?,, Tr, Tr) .
The stratum QM3(4) has two connected components. Both are non-varying,
with area Siegel-Veech constants 7/5 and 6/5, respectively. However, the quasi-
modular forms N%(o5) and ¢?,(o5) are not proportional, since

—875P3 + 13125P? + 714Q — 49875P — 3570Q — 144R + 40625

No5) =

(o5) 580608

& (o5) = _3875P3 + 58125 P2 + 31020 — 219375P — 15510Q — 592R + 178125
-1\95) = 2073600 '

This is not a contradiction, since the volumes of the two components are not equal
and our definition of Siegel-Veech constant only gives the total contribution.

The same happens in the stratum QM3(2,2). Again the stratum has two con-
nected components, both non-varying, with different Siegel-Veech constants, and
the quasimodular forms N°(o3,03) and 2 (03, 03) are not proportional.

In [19] the volumes of the connected components of strata have been calculated
individually. The generating functions are quasimodular forms for the subgroup
I'o(2) of SL(2,Z). It seems likely that the counting functions with Siegel-Veech
weight ¢ ; for these components are also quasimodular forms for I'g(2).

18. ASYMPTOTICS OF SERIES RELATED TO HURWITZ ZETA FUNCTIONS

In this section we apply the general results about asymptotics proved in the
appendix to the special one-variable generating series that were introduced in Sec-
tion [I2] Specifically, we will prove the following asymptotic formulas for the coef-
ficients of the power series uX (u) and (4u)™/?%B,, 2(X (u)) (m € Z>_1) occurring
in Theorems [12.1}H12.3]

Theorem 18.1. The coefficients v, (n > —2 even) defined by (138)) have the

asymptotic expansion

4 nl (2)”+%( 2r2 4+ 3 n 47t — 3672+ 9
8v2n 24n 1152 n?

where the last factor is a (divergent) power series in 1/n with coefficients in Q[n?].

Uy ~ (—1)%

+) (184)

T
Theorem 18.2. For m € Z>_; the coefficients by, (h) defined by

(4u)m/2%m/2(X(u)) = me(h) uh
h=0

have asymptotics given by

(2h)!(2>2h+§( _ 2415 4rt 4120 — 207 =)

J— h J—
ba(h) ~ (=1) h5/2 sh 4608 h2

™
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form = —1 and by

bon(h) ~ (—1)" (}LQ?)};)Z! (%)%-&-5 (Ao(m) N A1}(1m) " A2h(2m) 4 ) (185)

for m >0, where each A;(m) belongs to Q[r%]. The coefficient A;(m) has the form
Ai(m) = (=1)'m(P;(m) — &;(m)) with Pi(m) € Q[r?][m] and a correction term
g;(m) that is non-zero only for m € {1,3,...,2i + 1}, as illustrated in Table .

‘ Bi(m) €i(3) ei(5) | &i(7)
0 L - ]
1 2 4 - o
2 m(m — 5)2% + P2+221119+25 P;815 2% o
3 | m(m — 5) PGP 4 APTOE CIOPII05 | Potopasss | sPoi0s |13

TABLE 1. Coefficients in the expansion of b, (h). Here P = 272 /3.

We observe that the first of these two theorems is a special case of the second,
since by Theorem we can write v, not only as the coefficient (4n + 2)u"*!
in X (u) but also as the the coefficient 24(n + 1)u™*? in (4u)3/2B35(X (u)). We
have stated it as a separate theorem, not only because it is the most important
case for our applications (to volumes of strata), but also because it must be proved
separately and then used for the proof of Theorem The case m = 2 of The-
orem also includes Theorem because B;(X) = X. Besides the cases
m = 2 and m = 3, we also note the special cases m = 0 and m = 1 where
(4u)™/2B,,/2(X (u)) is identically 1 and all coefficients of the asymptotic expan-
sion vanish. Because of the latter observation, we have omitted the values
of €;(1) = P;(1) from Table |1 We also wrote the asymptotic formula for b_;(h)
separately in Theorem because this case is of special interest to us as the one
giving the coefficients of the power series K (u) in Theorem related to the area
Siegel-Veech constants, and also because the asymptotic expansion in this case has
a different leading power of h, compared to the case for m > 0.

Proof. The proof consists of successive applications of the rules for operation with
power series of Gevrey class a = 2, as given in the appendix, using in each case the
explicit values for the small orders of which the first few were listed there. There
is one important preliminary point. The series B, (X) for n € %Z is a Laurent
series in X /2, but up to a factor X™ it is actually an even Laurent series in X ~!.
We therefore make the substitution z = X 2, writing B,(X) as X"b,,(z) where
b, (z) = Y. (n)arBarx”, a power series in x. This is important because the effect
of replacing X ~! by its square root is to change the series in question from even
power series of Gevrey order 1 to power series of Gevrey order 2, to which the results
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about composition and functional inverse apply. We must therefore work with three
variables z, X, and u, related by X = X (u) = ﬁ — 45+ and x = X2,

We first note that the number 3 equals 2/(27i)* to all orders for k even. (The
two numbers differ by a factor (1 — 2'=F)((k) = 1 + O(27F).) It follows from

Stirling’s formula that (1), the coefficient of z%/2 in b, (z), has the asymptotic
expansion
k=t 2k! nn+1) nnh+1)n+2)Bn+1)
Bl ~ 1 . )
(kB ~ Ty Gt ( o 242 +

to all orders in h as k = 2h — oo with n fixed. Note that the right hand side
vanishes identically if n is a non-negative integer, which is as it should be since
b, (x) is a polynomial of degree n in this case. Note also that we can use Stirling’s
formula again to replace the asymptotic expansion on the right by one involving h!?
rather than (2h)!, making explicit the fact that the power series b, (z) has Gevrey
class 2, but the expression in terms of (2h)! is simpler and more convenient for the
applications. We will be concerned only with the case when n = m/2 > —1/2 is
half-integral, since these are the cases occurring in Section [I2] and the different
behavior of the coefficients A;(m) for even and odd m is a direct consequence of
this remark.

Specializing the above to the case n = 1/2 and applying the rules for reciprocals
f~! from the appendix, we obtain the asymptotics of the coefficients of 16u? =
x/by/5(x) as an invertible power series in x. Applying to this the rule for the
functional inverse we obtain the asymptotics of the expansion coefficients of = as
an even power series in u, and then applying again the rule for powers f*, this time
for A = —1/2, we obtain the asymptotics of the coefficients of X = 271/ as an odd
power series in u. They are as given in Theorem [18.1

Exactly the same type of calculation gives the proof for Theorem [I8.2] Since
we now have the asymptotics of the coefficients of both power series b, (z) and
x = z(u), we obtain the asymptotics of the coefficients of b, (x(u)) by applying
the rule for the composition of power series of Gevrey class 2, the asymptotics for
the series (z/16u?)~™/* = (4uX)™/? by applying the rules for powers to either of
the monic power series x(u)/16u? or 4uX (u), and the asymptotics for their product
(4u)™/2B,, 12(X (u)) = (16u?/z)™/*b,, /2(2) by applying the rule for products. The
results of these computations are the ones given in the theorem. The difference
between the cases of odd and even m, as already noted, comes from the fact that
the power series b,,/2(z) terminates in the former case, so that when we apply
the rule for composition to the two series b, o and x(u) = 4u + ---, the “last”
contributions in (in the terminology explained there) all vanish and we get
only the “first” ones. These lead to the polynomial part P;(m) of the expansion
coefficients A;(m). For m odd (and also for non-integral values of m, which we
are not considering), one also has to include the “last” contributions in as
well, and for a fixed odd value of m this gives a second infinite expansion in powers
of 1/h contributing to (185). This second expansion starts a little later than the
first one, which is why for each value of ¢ there are only finitely many odd values
of m for which the term ¢;(m) is non-zero. O
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19. ASYMPTOTICS OF MASUR-VEECH VOLUMES AND SIEGEL-VEECH CONSTANTS

In this section we prove two conjectures of Eskin and Zorich on the large genus
asymptotics of the Masur-Veech volumes and the area Siegel-Veech constants for the
principal stratum. Our strategy, based on the results of the previous two sections,
gives not only the top terms of the asymptotics conjectured by Eskin and Zorich,
but all terms (or as many as one is willing to compute).

We start with a discussion on the normalizations of the measure. The Masur-
Veech measure of a subset S of ;M (my,...,m,) is the volume in the N-dimen-
sional Lebesgue measure (N = 29 — 1 +n) in period coordinates of the cone under
S in QM,. The viewpoint adopted in [18] is to define the unit cube in the lat-
tice Z[i]V C CV to have volume one. We denote by vol(Q1 M (m1,...,my)) the
volumes with respect to this normalization.

An alternative normalization (used in the key reference [15] for Siegel-Veech
constants) is to compute for ¢ € R the function vol(S,¢) giving the volume of the
cone over S intersected with the set {area(X,w) <t} C QM (mq,...,m,) and
then to declare 2% vol(S,t) to be the Masur-Veech volume of S. This definition
mimics the relation between the area and volume of a sphere in CV. We denote by
volpmz (Mg (ma, ..., my)) the volumes with respect to this normalization. This
normalization is discussed in [50] and it is shown there that

volpmz (S Mg(ma,...,my)) = 2Nvol(QU M (my,...,my)).

We follow the idea of Zorich and Eskin-Okounkov ([18]) to compute volumes
by counting lattice points with finer and finer mesh size. It will be convenient to
introduce cumulants that involve the appropriate powers of w. Hence we define
((£1,...,Ls)) as the leading term (in 1/h) of an h-evaluation. More precisely, let

evl(pe, |-+ pe)) =m0 (L O(),

so that by Proposition and
(£, b)) = (—ar?) im0y o)) (186)

The volumes and the cumulants for small genera are listed in Table [2] taken from
work of Eskin and Okounkov.

n=29—2 2 4 6 8 10
vol 14 16 29 8 23357 ' 16493303 7'?
1350 87480 134719200 5359129776000 | 179616593572416000
1 .4 1 .6 377 8 23357 710 16493303 712
volgmz 357 1860 " 67359600 " 157621464000 1276585561248000
16,4 | 1792 6 772096, 8 | 10715070464 7'° | 43236204216320 x'2
(2,...2) | 7 e 9 27 9

TABLE 2. Masur-Veech volumes of the principal stratum
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Proposition 19.1. The volume of the principal stratum can be expressed in terms
of cumulants as

——
((2,...,2))
2n=1(2n)! -~
Proof. The definition of connected brackets in (108]), and hence the definition of
cumulants as their leading terms, are made to reproduce the passage from counting
covers without unramified components to counting connected covers in . Conse-

quently, the combination the definitions , , and gives N'(Tx™) = < f§>;
and together with fo = %pg this implies

n

——
2

ev(NO(Tr")) = <<"2'+2>>h*<2”+1> (14 0(h)). (188)

The volume of the stratum can be computed as the limit as D — oo of the number
of points with period coordinates in Z[D~!]. The precise version of this idea is the
following formula by Eskin and Okounkov (|18, Formula 3.2])

D
_ : —(2n+1) 0 n
vol (QM,(1")) = lim D~ ;Nd (Tr™). (189)
The proposition now follows from Proposition [9.4] O

On the basis of numerical values obtained from the algorithms in 18], Eskin and
Zorich made the following conjecture.

Conjecture 19.2 ([20]). Let
(1 + 1)(ma + 1) (m + 1)
4
Then V(m) =14 0(1) as Y . m; = 2g — 2 tends to infinity.
Theorem 19.3. Conjecture holds for the principal stratum.
Proof. By (187)), the conversion ([186]) from cumulants to rational cumulants and
via (125) to v,, and the asymptotics of v,, given in Theorem we have
(1 72 7wt —60m? )
24g 115242

V(m) =

VOIEMZ (Q./\/lg(ml, . ,mn)) .

V(... 1) ~
——
2g—2

as g — o0. ([l
We now discuss the large genus asymptotics of the area Siegel-Veech constants

Carea(2M 4 (12972)), again restricted to the case of the principal stratum. Values
for small g are given in the table below.

o
w
N

5 6

39 2225 142333 102396315
28 1508 93428 65973212

g=45+1
2
%Carea(QMg(12gi2))

NS

The leading order in the following theorem had also been conjectured by Eskin
and Zorich ([20]).
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Theorem 19.4. For g — oo
11 5 4m? + 75
area Q 12g—2 ~ 5 T 5. - Tty
Carea QM) ~ 5 = 0 = 307 ~ Tamagr T

where the coefficient of 1/¢% is a polynomial in 72 of degree £ — 2 for all £ > 2.

It is remarkable that although the individual area Siegel-Veech constants all have
a factor of 1/72, the dominating term of the asymptotics is rational.

Proof. We will show at the end of this section that

Caren (M, (1292)) = — LB g gy (190)

812 vy,
where k,, and v, are as in Section[I2] The assertion then follows immediately from
the asymptotic results in Section [I§] since the asymptotics of v, is given in Theo-
rem while the generating series K for the k,, was expressed in Theorem [12.3]in
terms of B_; /5, and the asymptotics of its coefficients is given in Theorem m O

To prove , we will use the approximation of the Siegel-Veech constants
that we gave in Proposition [17.1] By the asymptotic formula for the coefficients
of a modular form in Proposition 0.4 it suffices to compute the leading terms of
the X-evaluations of the modular forms whose coefficients are summed up in the
numerator and denominator of respectively. The denominator has been taken
care of by (18§) and we now treat the numerator. Recall that we defined 2, (Tr?")
in Section he generating function of covers with (—1)-Siegel-Veech weight and
that we showed in Theorem that this generating series is a quasimodular form.

Theorem 19.5. The X-evaluation of the quasimodular form c°,(Tt") has de-
gree % + 1. Its leading term ¢ (TY"), = (X2 T Ev[®, (Tx")] is given by

n—=k
"k ((2 2,k—1)) 1 n! (191)
0 n _ PRI - Q _ n: 19].
AL =0l B D e Ty T ai ™

k=2

where By = % is the second Bernoulli number.

From the formula for x,, given in Section [12] we find the following values.

n 2 4 6 8 10
0 n 1 | 13 | 2225 | _ 996331 | 170660525
(T | 132 144 | 288 432 96

We introduced p-Siegel-Veech weight and ¢)(Tr") in Part IIT as a crucial tool
for interpolation and to prove the quasimodularity of ¢ ; (Tr™). For comparison we
give the analogous statement to Theorem for p > 1.

Proposition 19.6. Let p > 1 be odd and n > 2 even. Then the X -evaluation of

the z_uislimodular Jorm ¢)(Tx") has degree %”H and the leading term ¢)(Tr") =
ntp
(X2 T |Ev[)(Tx")] is given either in terms of the mized cumulants (128) as

1 n n!
ST = 2 (Llps| - p)a (192)

n
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or explicitly in terms of Bernoulli numbers by formula (199)) below.

We emphasize that, although the statements of Theorem and Theorem
are quite parallel, we cannot deduce the latter from the former, because the lead-
ing terms correspond to different powers of X. Moreover, we cannot deduce the
asymptotics of ¢” ;(Tr™)z, by extrapolation the asymptotics of cg(Tr")L top=—1,
as the following corollary shows.

Corollary 19.7. Forp > 1 odd

ooy, o CDE IR <g)p+1 (—1)wrn/2
14 ﬁ h3/27r2h - p(p—|—1)

as h — oo, while
(1" ene -1
T h3/2p2h 247

Proof. The second line follows by from the asymptotics of k,, that we already
discussed.

For the first line we use . That is, we first compute the asymptotics of the
cumulants (px—1|pz| - - |p2) encoded in the generating series 9y (u) (see (129))) by
linearly combining with the help of the asymptotics given in Theo
(The result is stated in the introduction.) Since T}, is a quadratic polynomial in the
Q1’s by Theorem the generating series of the cumulants we are interested in
is by Proposition a linear combination of products of the 1;’s. Consequently,
we can apply the product rule from the appendix to conclude. (I

Cgl(Trgh)L

To prove the main results of this section, we form the generating series of Siegel-
Veech constants for the principal stratum (as power series with quasimodular form
coefficients)

- n un - n
Cp(u) =Y c,(Tr Vo Cp(u) = > c)(Tx")
’ n=0

for coverings without unramified components and for connected covers, where c;
and cg are the generating series defined in . By definition these power series
are even and have no constant term. Note that our notation emphasizes that so
far, in Parts I and III, we have been working with Siegel-Veech constants for a fixed
ramification pattern (i.e. in fixed genus) and we studied the generating series as the
number d of sheets is growing, denoted by small letters ¢ with appropriate deco-
rations. Only now, the number of branch points is growing and the corresponding
generating series are denoted by decorated capital letters C.

Recall that fo = E2 = @3 and that by - ) the series for coverings without

unramified components is given for any p > —1 by

(193)

o) = ST — (ThalfE)) oy = STyl ZTm

(This explains why we included the factor 27" in (193). For p = —1, using the
definition (175]) of the bracket ( ); and noting 0z fo = 0, we have instead the identity

o0

CLy(u) = Z<f2 >q e

n=1
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Since N'(Tr™) = (f3)4 (as recalled in Proposition [19.1) the two generating series
are related by

Cp(u) _ (T | exp(up2) )q
ano N’(Trn) ang <exp(up2) ><1 7
since (b5)) specializes to this identity in the case that all elements in the ramification
profile are equal.

Cp(u) = (194)

Proposition 19.8. The generating series of Siegel- Veech constants for the principal
stratum is given for p > 0 by

m

(i+k) u > u
Z Gp+z+12Z i+ 1) Z Qk|p2| ‘ > o) (195)
k>0, m—0 —

k>0 m
and forp=—1 by

m

i uith & u
C%(u) = Z G +k)m Z(Qk|p2|~~|192>q*,
" m=0

i>2,k>0 m" me
o (196)

(k— u
+3GS lukz Qk|p2| P2 -

k>2

Proof. For p > 1 we use Theorem with (155)) and the effect of the p; j-operator
on powers of @3 given in (157) to deduce from the preceding formulas that

n

ZZC:O Zi20,3>1<pi,j (pg)) G;ﬂwl 1;1
Zn o<p2>q 1:;:

Z G u Zn O<Q] iP5 )q uﬁ
i>0,j>1 +1+1 2+ 1)1 30 o (p8)g ey

The equality to the statement in the lemma follows from the definition of cumulants.
For p = —1 recall that by Theorem |16.1

(T-1f)q = (T-1)(f)q
=> (DI7N(Ga2) + 2453, Dpoi(Nat+ Y DIG)lpisi(f)a

Jj=>1 i>2,5>1

Cp(u) =

and since 02@Q% = 0 the extra term given by 0,1 disappears here. O

The leading coefficient of the expression in the preceding lemma differs upon
p > 1 or not as we now discuss.

Proof of Theorem[19.5 and Proposition[19.6 By the definition of cumulants

/—:n‘ﬁ
<<2,...,2,]€71>>Q k+m k—i—m_1
(Qrlp2l.. Ip2)x = X2 +0X 2z h. (197)
——— (k—1)!

m
On the other hand, the leading term of the derivative of an Eisenstein series is
determined by

(G _ @A L4p)! —Bpyin  pEi pritl
(D" (Gptit1))x = i) 2(p—|—i—|—l)X +0(X ). (198)
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Consequently, the degree of the X-evaluation of all the summands in (195)) is k+ %
and all of them contribute to the leading term. Adding the contributions gives

n—i—k
1 . 2 (2 4k +p)! —Bpyis ((k=1,2,...,2))q
7!CP (") = ZZ n—k—itl(; 1k | AT
n! Pl (p+i+ 1) 2 (i+ DIk —1)! (n—1i—k)!
(Zn + p). —Dptn+1

(p+n+1)!27 ¥ (n+ 1) (199)

This is the alternative formula mentioned in the proposition. The formula stated
in follows directly from and the definition of cumulants.

Now we address the case p = —1. For all the terms with ¢ > 0 the preced-
ing formulas are also valid in this case and contribute to the X*-term. However,
the summands in the last line of (196) contributes to the X k+1_term of the X-
evaluation. Applying and ([197) gives the formula in the theorem. ([l

Proof of . By Proposition we need to take 3/72 times the ratio of the
asymptotics of the sum of the coefficients of c_; (Tr?*) and the asymptotics of the
sum of the coefficients of N° (Tr%). By Proposition we can equivalently take
the ratio of the leading coefficients of ev applied to the two modular forms. Since
the numerator and denominator are of the same degree in h, we can work as well
with the Ev-images. The claim now follows from and , together with
the definition of v, in ([125). O
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Appendix: Asymptotics of very rapidly divergent series

The aim of this appendix is to study the asymptotic behaviour of powers, in-
verses, functional inverses, products, and compositions of power series whose coef-
ficients have very rapid growth. More specifically, we will verify that each of these
operations preserves the class of functions having coefficients that grow like n!%, or
that have an asymptotic expansion of the form

A A
Ap ~ n!aﬂnn'Y(Ao-F*l‘F%‘f‘"')
n n

(A1)
for some real constants > 1, 8 > 0, and v € R, and where “asymptotic expan-
sion” has the usual meaning that the series in may be divergent but that
an /n!B™ Y equals Ag+ -+ A,_1n "1+ O(n~") as n — oo for any fixed r > 0.
For multiplication and powers we need only o > 0 (“rapidly divergent”), but for
composition and functional inverse the assumption « > 1 (“very rapidly divergent”)
is crucial. For each of these operations we will give explicit formulas for the asymp-
totics of the corresponding coefficients in the case a = 2, which is the case that is
of interest for our applications to the asymptotics of Siegel-Veech constants.

The results that we give in the case of products or fixed powers may be known in
the literature, though even here we could not find any convenient reference, but for
the cases of composition and functional inverse we could not find any reference at all,
and it seemed best to give a self-contained account. Our proofs depend on a simple
estimate for the coefficients of powers of series with coefficient growth of type n!®,
given as Lemma below. This estimate is good enough for our applications,
but out of curiosity we did numerical computations to study the actual asymptotic
behavior, and since the results are of some interest we report on them briefly at the
end of this appendix.

For real numbers a > 0, 8 > 0, and v € R we denote by &(a, 3,7) the class of
power series (say, with complex coefficients) > a,z™ whose Taylor coefficients a,
satisfy the bound a, = O(n!*f"nY) and by &, (o, [,7) the subclass for which
an has a full asymptotic development as in . We also write &(«, ) for
U,B(a, 8,7) and &(a) for Ug®(a, §). (The letter & stands for Gevrey, who first
studied series of these types.) We also define the class .4y (e, 3), but here it is
too restrictive to simply take the union of the G,y (e, 8, ) for all v € R, since this
class would not be closed under multiplication or even under addition. Instead,
we define it to be the space of power series whose coefficients have an asymptotic
expansion

a, ~ nl*g" (AO n 4+ An" + Ayn? + - ) (A.2)

with real exponents 79 > v1 > 2 > -+, ; — oco. In our applications all of the
exponents y; are rational, with bounded denominators. Note that any two classes
6(a), &(a, 8), or &(«, 8,v) have the property that one (namely, the one with the
larger exponents (o, 8,7) in lexicographical order) contains the other. Note also
that in both the expansions and , we do not require that Ag, or for that
matter any of the coefficients A;, be non-zero, since otherwise these classes would
not form vector spaces, let alone rings. This means that any space &(o’/, ') with
o/ < aor with o = a and 8 < f can be considered as a subspace of G, (v, )

(or of any B,sy (v, 8,7)) having an expansion (A.1) or (A.2) with all A; equal to 0.
This is convenient because it means that in statements about, say, the product of
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two functions of these types, we can assume without loss of generality that both
belong to the same Gevrey class, thus avoiding fussy notational distinctions.

Theorem A.1. Let « > 1, 8 > 0, and v be real numbers. Then each of the
classes B(a), G(a, B), &(a, 5,7), Gasy(ar, 5,7), and Gusy (e, B) is closed under the

operations

i) addition ( f(z) + g(z)),

multiplication ( f(z)g(x)),

composition (g(f(z)), where f(z) = x + O(x?)),
complex powers ( f(x)", where f(x) =1+ O(x)), and

functional inverse ( f~1(z), where f(z) =z + O(x?)),

(ii
(i
(iv
(v

— — — — —

where in the cases of Gagy (@, B,7) and Gy (e, B) the asymptotic expansion to any
fixed order of the result of the operation depends only on the asymptotic expansions
to the same order and on a bounded number of initial values of the Taylor coefficients
of the input function or functions.

We have formulated the theorem in a purely qualitative way, without writing out
the full asymptotic expansions of the result of each of the operations, in order to
keep the statement reasonably short and to emphasize the main point, but in the
course of the proof we will write out explicitly the first few terms of the asymptotics
for each operation in the case @ = 2.

Sums. This case is trivial, since one just adds the asymptotic expansions.

Products. This is the next easiest case. Let f and g belong to the Gevrey
class &(q, 3) (without restriction of generality with the same « and g, for the
reasons explained above). We want to show that fg also belongs to &(«, 5) and
that it has an asymptotic expansion of the form if f and g do. Set

fla) = Y apa™,  glx) = Y bua",  fx)glz) = D caz”.
n=0 n=0

It is convenient, here and in the later proofs, to introduce the rescaled variables
ap = ap /n!*B", and similarly for b, and ¢,,. Then

To study the asymptotics of this for large n, we fix an integer L > 0 and break up
the sum into three subsums (which we call “first”, “middle”, and “last”) according
tom <L, L <m<n-—L,and m >n— L, respectively. It is clear that the “first”
and “last” sums are bounded by O(n?) if @, and b, satisfy this bound, and also
that they have asymptotic expansions in n?C[[1/n]] if @, and b, do. For instance,
if a,, has the expansion with @ = 2 then the “last” sum has the asymptotic
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expansion
n -2
Z (n) Zimbnfm = bO <A0n7 + Aln’y_l + A2n’y_2 + - )
m
m=n—L+1
by .
+ﬁ(1410(71_1)’v+Al(n_1)7 +)
4by ,
+m(140(n—2) +)+
~ Ay Asho+ Aobi  Asby + Aiby —yAgb
TL’Y<AObO+ ;OJF 20nQ(J1Jr 3% ;31 701+.“>

as n — oo, and if b, has an expansion like with A; replaced by B; then
the “first” sum is given by a similar expression with A; and Ej replaced by B;
and a@;. For the “middle” sum, we note that because each row of Pascal’s triangle is
unimodal (rising to a maximum and then falling), we have (") < (}) = Or(n*) for
L <m < n—L and hence ZZ_:LL Zimgn_m = Op(n?>*1=oL) which is smaller than
any fixed negative power of n if L is large enough. It follows that the coefficients ¢,
have an asymptotic expansion of the same form with the same parameters «,
B, and v as for a,, and b, the beginning of this expansion being

Aibg + agBy Asby + agBs + (A0b1 + alBo)/ﬂ
- + ! 4. )

leﬁnn'y (Aob() + agBo + N

in the case o = 2.

Compositions. Since we can only compose two series if the second one has zero
constant term, we will write our composed power series as g(zf(z)) =Y cpz™ for
some power series f =Y a,2"™ and g = > b,x"™. We assume that ap # 0 and can
further assume (by replacing the power series g(x) by g(apz)) that ag = 1. Then

e = 1"(9@f(@) = Y oeay  (n21), (A3)
k=1
where the coefficients agf) (m > 0) are defined by the generating series
o0
—1
Zagf)xm:f(m)k:1+ka1x+(kag+w)x2+~~. (A.4)
m=0

Now we want to apply the same decomposition “first + middle + last” of the
sum in as we did for multiplication, with the first and last terms of the sum
dominating the whole sum for n large. But unlike the case of multiplication, where
it would have sufficed to assume « > 0, here the assumption o > 1 is crucial. For
instance, if & = 1 then the last two terms b,, and (n — 1)a1b,—1 of the sum have
the same order of magnitude, and if @ < 1 then each successive term starting at
the end is actually larger than its predecessor, so that we do not get the desired
asymptotic expansion. If, on the other hand, « is larger than 1, then it is clear
from the expressions for the first few asﬁ) as given in that each of the first
and last terms of the sum , counting from the ends, is of a smaller order than
its predecessor, so that the “first” and “last” subsums have well-defined asymptotic
expansions by the same principle as we used for products. But this is not enough
for our purposes. We are assuming that both f and g belong to the same growth
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class &(a, 8,7), and since we have already proved that this class is closed under
multiplication, it follows that the coefficients agf) have the same order of growth
O(m!*8™mY) as m — oo for each fized k, but since the summand k in goes
all the way up to n we need an estimate that is uniform in k. Such an estimate
is provided by the following lemma, which, as already mentioned, is not sharp but
is sufficient for proving the required growth properties of the coefficients c,. We
will formulate this lemma in detail for the specific growth estimate |a,| < n!%, in
order to keep its statement and proof short and clean, and then indicate briefly
afterwards the modifications needed for the general case.

Lemma A.2. Suppose that f(x) = Y 0" ana™ with |a,| < n!* for alln > 0 for

some « > 1. Then the coefficients a;’“) defined by satisfy the estimates

n+k—1)nlo"t
(k—1)!

for alln > 0 and k > 1, where C(a) (e.g. C(1) = 5, C(2) = 2) denotes the

mazimum over all integers n > 1 of the quantity anzo (:1)70‘ .

o < Cl@)* T, [alP] < ( (A.5)

Proof. We rewrite the estimates as |5£Lk)| < O(a)k=1 and |5£Lk)| < ("+S_1),

where E%k) = n!*aa%k). Both of them follow by induction on k: the case k =1 (i.e.

|5,(11)| < 1) is true by assumption, and if (A.5)) holds for all n > 0 then from

n -« n —«
e = |30 (1) e < 3 (7))
m=0

m=0

we get the upper bounds

|E£Lk+1)| < C(Oé)kfl i <n>0¢ < C(Oz)k

m
m=0

_ - +k—1 n+k
LSS S (A I G (A6)

as required. ([

and

For the general case, we first note that if a series f = Y a,z™ with ag = 1 belongs
to &(a, B) for some real numbers « > 1, 8 > 0, then its coefficients can be estimated
by both |a,| < nl*A"(n + 1)° and |a,| < nl*a" (") for some integer ¢ > 0. We
then replace the two estimates by two different estimates involving these two
different hypotheses, namely

|an| <01 (n+1)° = o] < C*Inl* " (n+1)°, (A7)
axl Sn!aﬁ"(”“) = [a)] < KCniegn (”*’”C_l) (A8)
C n

for some sufficiently large constant C' depending only on o and ¢. The proof of (A.7))
mimics the one in the lemma, with @) defined as an/n1*B™(n+1)¢ and C defined
as the maximum of 31 o (™)™ (%)C over all n > 0. For (A.8]) we first
note that the case n < c is trivial (even with k¢ in (A7) replaced by a constant

2¢ for all k > 2) since aé") for n fixed is a polynomial of degree n in k. For n > ¢
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we define @) as a, /n!®A", so that aél) < (79 < (3)” for n > £+ ¢, and then use
the induction assumption and ( - with k replaced by k + ¢ to obtain the upper
bound

|a k}+1)| S Z (;) ’V(l) a(k)| < kC Z (m"_kr;l‘c_].) + O(nckcfl)

:c_o<n+7l;:+c> (1 . O(l/k)> Z_C(k+1)c<n+?l;:+c)

for sufficiently large C' and all & > 1.

IN

Using these estimates, we find easily that the sum of the “middle” terms in the

sum in is of smaller order of magnitude than the first and last terms. (More
precisely, for any H > 0 there is a constant K depending on H such that each term
with K <k <n—Kin is O(n~1) times the dominant asymptotic n!®3mn
for n sufficiently large if a,, and b,, both satisfy estimates of the type , and this
implies the assertion since the number of terms in the sum is also bounded by n.)
As an explicit example, if a,, has an asymptotic expansion of the form with
a=2,=1,v=0 and b, has an asymptotic expansion of the same form with A;
replaced by Bj, then the coefficient ¢, of g(«f(z)) has the asymptotic expansion

¢y ~ n!2 (Bo n B1 +a130 I B2 +a1(31 — Bo)2+ Q%B2/2 + b1A0 T )
n n
as m — 00.

Arbitrary powers. This is a special case of the preceding case, but important
enough to be stated separately. If f(x) = 1+ --- belongs to the class &(a, )
and ¢ and )\ are arbitrary complex numbers, then one can obtain f* by writing
f(z) = 14 cxfi(x) with fi(z) = 14 O(z) and applying the previous result for
g(xf1(x)) to the power series g(z) = (1+cx)* =3, (2) c*z*. Here only the “first”
coefficients (corresponding to small k) contribute, because the power series g is
of Gevrey order zero. As an explicit example, if f () = > apa™ with a9 = 1
satisfies with o = 2, then the coefficients a of f(x)* have the asymptotic
expansion

aMV ~ n?pmnY ()\Ao + A + Ada ¥ al)\(i\ —DA/8 + )
n

n

as n — 00.

Inverse power series. Let h(z) be a power series beginning with = belonging
to the Gevrey class &(a, 8) with some o > 1. We want to show that the inverse
power series h~!(z) also belongs to this class, and to give an explicit formula
for the asymptotic expansion of its coefficients. Write h(x) = = — F(x) where
F(z) = O(z?). Then the inverse power series is given by

by one of the forms of the Lagrange inversion formula (essentially the same one as
we already used in the proof of Proposition [10.3)), so if we write F'(z) = ca" ™! f(z)
with r > 1, ¢ # 0, and f(z) a power series beglnmng with 1, and define coefficients
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afy’ by (&), then
= k
B " c n+k—-1 k
h 1(1’) = x-i—ZCnx ) Cn = Z I{;( kj—l )afL—)Tk—l'
n=2

0<k<n/r

We can now apply the same estimates as for the case of composition (Lemma
and its extensions) to show that the asymptotic expansion of ¢, is given to any given
order by summing the first O(1) terms of this sum. Once again, only the “first”
coefficients (k small) contribute, and we give as a concrete example the expansion
of ¢, for a,, satisfying with a = 2, namely,

A+ 2 2)A
Cn ~ n!257zn'y—4(cA0+C 1+ CT(LC+ ) 0 +)

This completes the proof of Theorem

True asymptotics. As mentioned in the introductory paragraphs, we end this
appendix by describing the complete asymptotic behavior of the coefficients aﬁf)
defined by when n and k tend to infinity independently of one another, even
though this is not used in the paper, because it is surprisingly subtle and because
finding it even numerically is not easy. We will concentrate on the special but
typical case a,, = n!?. We will work with the renormalized values a;k) = aﬁf“) / n!? as
before, since these are bounded as functions of n for fixed k, and will also describe

the large k asymptotics of the numbers M} = max ). We have not given complete
n

analytic proofs of all results.

We first consider small n. The coefficient a%k) for n fixed is a polynomial in k£ of
degree n with leading term k™/n!, the first values being given by

Za;’“)x” = (1 + o + 422 + 362° + )]C

n=0

k% + 7k k3 + 21k + 194k

hs z? + * 19 z® +

1+ k
+x+2 6

This gives the asymptotics of aﬁ[“ ) for n fixed, e.g.

kK 21 194\ K3 21 53 987
o\ttt e) el e
and for general n

~ k™ nin—1) /7  94n — 335
k)~ A(n. k) = —— S e A (e
n (k) = 0 eXp{ 2 (2 12k (A.9)
n 1711n2 — 11215n + 16272 n )} '
12k2 ’

as one sees by writing f(x)* as exp(klog f(x)) and expanding the power series. This
approximation is valid not only for n fixed and & — oo, but also for large n and
experimentally gives the correct asymptotic behavior of 'dslk) as long as n < k'/3.
At the opposite extreme, when n tends to oo with k fixed, we have a quite
different asympt(()t)ic expansion. The estimates for products given above show that
2

when we write a, ' as a sum of products of k coefficients a,,,, the dominant terms
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are those where all but one of the n; are bounded, so

~ > (Z S g ) S palt

r>0 \j=1 N1yeeeyng >0 r>0

in the sense that for any C' > 0 the sum of the terms on the right with 0 <r < R
(k)

approximates an  to within a relative error of O(n~%) if R is sufficiently large.
Thus in the case a,, = n!?> we find
(k) Nk<1+kz—1 (k—1)(k+5) (k —1)(k* + 19k + 174) )
" n? 2n2(n —1)2 6n2(n —1)%2(n —2)2
k— 7 kE+6 9k -+ 248
kexp[ <1+ﬁ+ n3 + 6n* +)]

The series in Q[k][[1/n]] occurring in the exponent in the last expression on the right
is an asymptotic series (in the sense that there are only finitely many terms of order
greater than n~¢ for any C' > 0) not only for k fixed but as long as k < n3, and in
that range it continues (experimentally) to give the correct asymptotic expansion
of @) to all orders in 1 /n. If k has the same order of magnitude as n3, then the
series contains infinitely many terms of any given order in 1/n. If we collect them

together we get the expansion
- > k _
al) ~ As(n,k) =k eXP(Z Gi(ﬁ) le) (A.10)
i=—1

where the G;(t) are power series with radius of convergence %, the first few being

7 15 143 364 3876

G_(t) = t+t2+ =13 e S T T

1(t) = t+ 7+ ot 0 et

3 2 3 243 4 5 6 7
Go(t) = St* + 1067 + = =" + 366¢7 + 2218¢° + 13554¢ +
1271, 9141 5

2 2
131

Go(t) = —1+5t+%t2+621t3

)

Gi(t) = gt + 16t% 4 94¢% + ——° 4 33608t° +

11209 % +50042t° +

We can easily recognize the coefficients of G_1(t) and then use Lagrange inversion
to write it in closed form:

G_1(t) = ZW?S” = 3a + 2log(l —a),
— nl !

where a =t + 2t2 4+ 7t3 + 30t* + 1435 + - - - is related to t by

1
t =a(l—a)® with0 <a < 3 (A.11)
Making the same substitution in the other G;, we can recognize them too:
1—a)3/? 7a — 59a® + 191a® — 204a* + 9a°
Golt) = log L= ) = o2
(1 —3a)t/ 2(1 —a)?(1 - 3a)

—2 + 50a — 433a? + 1884a> — 4065a* + 4122a° — 1458a°
2(1 —a)?(1 — 3a)b ’ )

(Rigorous proofs of each of these expansions are not hard to give.)

Go(t) =
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We have now found two approximations A;(n, k) and As(n, k) to E%k), the first
of which makes sense as an asymptotic series to all orders if n < k'/2 and is
(experimentally) correct to all orders if n < k'/3 and the second of which makes
sense as an asymptotic series to all orders if n > ck'/? for any ¢ > 272/33 and is
(experimentally) correct to all orders if n > k'/3. In the transition region where

k = tn® for fixed t € (0, 5+), we have
kn 7 (tnS)n

nl3

Ay(n, k) ~ ~ (2m) 732 02 @B (k= tn® - x0)

n!3
by Stirling’s formula and

As(n, k) ~ C(t)-n®- B@)" (k = tn® — o0)

by the formulas given above, where B(t) and C(t) are given by

(1—a)™/?
(1 —3a)l/?

with a and t related by . Thus A;(n,tn?) is exponentially larger than
Ag(n,tn?) for t > to fixed and n — oo, and Ag(n,tn?) is exponentially larger
than Aj(n,tn3) for t < tq fixed and n — oo, where tq = 0.0526457 - - - is the unique
solution in (0, 55) of the equation B(t) = €3¢, given by to = ag(1 — ag)? where
ap = 0.0595202 - - - is the unique solution in (0, %) of the equation e*~3 = a. Near
k = ton® both approximations have the same order of magnitude and the true value

B(t) = ') = (1-a)?e,  COt) = te%® = q

of Zi%k) is given to high accuracy by their sum. Thus our final heuristic asymptotic
formula is that

As(n, k) for k/n3 < tg —¢,
k)~ L Aj(n,k) + Ag(n k) for tg —e < k/n® < to +e,
Ai(n, k) for k/n3 > to+e

to all orders in m. That this works well in practice is illustrated by the following
table, in which k& = 50000 is fixed and we let n vary near /k/tog = 98.29---:

n ay Aq(n, k:)/Zi,(Abk) As(n, k‘)/Ziglk) sum

80 | 3.517 x 10 [ 1.00000000 0.00000000 | 1.00000000
85 | 1.909 x 10 | 0.99999944 0.00000056 | 1.00000000
90 | 4.732 x 108 0.91404303 0.08595697 | 1.00000000
91 | 6.347 x 107 0.45791582 0.54208418 | 1.00000000
92 | 3.119 x 107 | 0.06059598 0.93940402 | 1.00000000
93 | 2.524 x 107 | 0.00471615 0.99528385 | 1.00000000
94 | 2.167 x 107 | 0.00033500 0.99966500 | 1.00000000
95 | 1.879 x 107 0.00002283 0.99997717 | 1.00000000
100 | 9.945 x 10° 0.00000000 1.00000000 | 1.00000000

Here, of course, the last columns of the table are not rigorously defined, since both
Ai(n, k) and As(n, k) are given only by divergent asymptotic series, but in both
cases the approximations obtained by breaking off the series after a few terms is
insensitive (to high order) to where we break it off: for the values in the table,

the numbers A, (n, k)/’dglk) and As(n, k)/’dglk) have the value given to the indicated
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number of digits if we take m terms of the defining series for any m between 7
and 57.
Finally, if the above asymptotics are correct, then we can give the precise asymp-

totics of the optimal constant M} = max 5,&16) in the uniform estimate ank) < Mpn!?
n

for k fixed and all n: this value is attained for n = k'/3 4 O(1) and is given by

exp(3k!/3) iy
@y (1 OT7).

whereas Lemma gave only the much cruder estimate Mj, < (9/4)F1.

My, =
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