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Abstract

We consider a backward problem of finding a function u satisfying a nonlinear parabolic equation
in the form u, + a(t)Au(t) = f(¢,u(t)) subject to the final condition u(7) = ¢. Here A is a positive
self-adjoint unbounded operator in a Hilbert space H and f satisfies a locally Lipschitz condition.
This problem is ill-posed. Using quasi-reversibility method, we shall construct a regularized solution
u. from the measured data a. and ¢.. We show that the regularized problem are well-posed and that
their solutions converge to the exact solutions. Error estimate is given.
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1. Introduction

Let (H,||-||) be a Hilbert space with the inner product (-, -). Let A be a positive self-adjoint operator
defined on a dense subspace D(A) C H such that —A generates a compact contraction semi-group S (¢)
on H. Let f: [0,T] x H — H satisfy the locally Lipschitz condition: for each M > 0, there exists
k(M) > 0 such that

f (e, u) = f@ VI < k(M) |l — V|| it max {[ull, [IVI[} < M. (D
We shall consider a backward problem of finding a function u : [0, 7] — H such that

u; + a(t)Au(t)
u(T)

ftu(®), 0<t<T,
& )

where a € C([0, T']) is a given real-valued function and ¢ € H is a prescribed final value.

This nonlinear nonhomogeneous problem is severely ill-posed. In fact, the problem is extremely
sensitive to measurement errors (see, e.g., [2]). The final data is usually the result of discrete exper-
imental measurements and is subject to error. Hence, a solution corresponding to the data does not
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always exist, and in the case of existence, does not depend continuously on the given data. This, of
course, shows that a naturally numerical treatment is impossible. Thus one has to resort to a regular-
ization.

The backward problem (2) has a long history. The linear homogeneous case f = 0 has been
considered by many authors such as quasi-reversibility method [7, 8, 6, 10, 1], quasi-boundary value
method [4, 5]. The problem with constant coefficient and nonlinear source term, i.e.

u +Au) = f(tu@), 0<t<T,
wT) = o, 3)

was studied in [3, 12, 13, 14]. However, in these papers, the source function f is assumed to be
globally Lipschitz, that is

1f (@, u) = f&, V| < Kllu = vl

where k is independent of 7, u. Recently, in [15], a regularization method for locally Lipschitz source
term has been established under an extra condition on the source term:

There exists a constant L > 0, such that (f(z,u) — f(t,v),u — v} + |lu —v|]* > 0.

This condition holds for the source f(u) = u ||u||?, (see [15]). However, it is not satisfied in several
cases, for example, f(u) = au — bu® (b > 0) of the Ginzburg-Landau equation. Hence, another
regularization method which can be applied to any locally Lipschitz source term is of interests. In
this paper, we shall assume that the source term f is locally Lipschitz with respect to u (i.e. f satisfies
(1)). Our main idea is approximating the function f by a sequence f; of Lipschitz functions

1 fo(t, 1) = fo(t, V| < Kellu = vl.

Then, we use the results in [12, 14] to approximate problem (3) by the following problem

%ug(t)+Agu€(t) = B(g,t)f(t,u®(t)), te€]0,T],
w(T) = ¢ )

where A, B(e, t) are defined appropriately.

When the perturbed coeflicient a is time-dependent, the problems turns to be more complicated.
Indeed, the strategies used for constant coefficient cannot be applied to the time-dependent coeflicient
case. The problem with time-dependent coefficient has been recently investigated in [9]. However, the
methods proposed in [9] can be merely applied either for zero source with perturbed time-dependent
coeflicient or for globally Lipschitz source with unperturbed time-dependent coefficient. We would
like to emphasize that our regularization method for constant coefficient also works for unperturbed
time-dependent coefficient.

The paper is organized as follows. In Section 2, we shall investigate a regularization method for
the case of constant coefficient a = 1. In particular, we shall give precise formulas of A,, B(e, ) and
f:(t,v); show that the regularized problem (4) is well-posed and prove the convergence of u® to the
exact solution in C([0, T']; H) with explicit error estimates. Section 3 provides a regularization method
for perturbed time-dependent coeflicient a(r).



2. Regularization of backward parabolic problem with constant coefficient

2.1. The well-posedness of the regularized problem (4)

We shall first give the precise formula of the operator S (#). Assume that A is a positive self-adjoint
operator in the separable Hilbert space (H, (-,-)) and 0 is in its resolvent set. Since A~! is a compact
self-adjoint operator, there is an orthonormal eigenbasis {¢,}”, of H corresponding to a sequence of
its eigenvalues {4, '}°*, in which

0</11 S/lzﬁ/l3§...lim/ln200.
Thus A™'¢, = A.'¢, and A¢, = A,¢, for each n > 1. The compact contraction semi-group S (¢)
corresponding to A is

(o8]

Sy =Y (g v)g, v H.

n=1
Problem (3) can be written in the language of semi-group as follows.

T

ut) =St -T)p - fS(t —85)f(s,u(s))ds. )
For each &€ > 0, we define the bounded operator
A) =~ > Inte + TGV ©)

n=1

The compact contraction semi-group S .(7) corresponding to A, is

[Se]

Sy = Z (a + e‘””)% (n, V)P, v EH.

n=1
Obviously, (4) can be written as
T
u(t)=8.(t-T)p— f S(t — $)B(e, 5) f(s, u°(s)) ds, (7N
t

For each t < T, define by B(e, t) the bounded operator
B(e,t) =S, -T)S(T —1).

The operator B(e, t) can be written explicitly as

(o)

B(e,n(v) = Y (1 +&e"™)™'(g,, ), v € H. ©)

n=1

In particular,

B(e, )¢y

Su(t=T)S(T = 1, = S, — T) (¢ Ts,)
= =T
= (e+e™) T TG, = (s + 1)T ¢y, Y0 2 1.

Our later calculations will be represented via operators S .(f) and B(e, r). We shall need some upper
bounds of these operators.



Lemma l. Let O <t < T. Then S .(—t) and B(e, t) are bounded operators and

t

ISl <e 7, |Bel <L

Moreover,
I[B(e,1) — 1 ¢ull < e, ¥n > 1.

Proof. For each n > 1, one has

13

_ -T _ L
(8+€T/1n) <8 T,

(1 +ee™) ! <1
T/l,,)%—l

IS (D)l

1B(e, )l
IlI = B(e, )] ¢ull

1-( +ee
< 1-(+ege’)! < gel,

The desired result follows. ]

Next, we define an approximation f, of f. Recall that f : [0,T] X H — H satisfies the locally
Lipschitz condition (1):

For each M > 0, there exists k(M) > 0 such that || f(z,u) — f(t,V)|| < k(M) |lu — v|| if max {||ull, |V} < M.

It is obvious that the function k is increasing on [0, o). We can choose a set {M, > 0}..( satisfying
lir(l)l+ M, = oo and k(M,) < In(In(¢71))/(4T). Define

fe(t,v) = f(t min {|]|V[|| }v) ,  Y(v)e[0,T]xH, )

in particular f.(z,0) = f(¢,0). With this definition, we claim that f; is a Lipschitz function. In fact,
we have

Lemma 2. Fore > 0,t € [0,T] and v,,v, € H, one has

fe(t, vi) = fe(t, VIl < ke [lvi = wall,
where k., = 2k(M,) < In(In(¢7"))/(2T).

Proof. Due to the continuity, it is enough to prove Lemma 2 for non-zero vectors vy, v,. We can
assume that |[v{|| > ||v]| > 0. Using the locally Lipschitz property of f, one has

Hf tmln{ } ) f(t mln{M 1}v2)

[Ivill” [Ivall”
mm{ M. } min{% l}v
vl vl f 2

.| M, .| M,
mingy —,1v; —mins —, 1% v,
[vall [Ivall

”fs(t’ vl) - f:S(ta V2)||

IA

k(M)

It remains to show that

<2y = vall.




This inequality is trivial if M, > ||vq|| > |[v2||. When ||v{|| > ||v2|| = M., one has

M, ; M, Y - vi—va vl = (vl
1= 2| = Me 2
[lvall [Ivall [vall vl - vl
Vi — Vv Vol —lv
< Mg( 1= W0 (vl ||1||2)
[vall [vall - vl
&
= ——(Ivi = wall + Il = [l < 2[lvi = val].
[lvall
Finally, if ||v{|| > M, > ||v,|| then
M, HMa = v1lf
Vi —Vy — VitV — WV
[vall [vall
M — |||
———Vi|| + [[vi = 2]
[vall

(Mg = illl + v = vall < 21y = val|.

Here we have used the inequality [M, — [[vil| < [[[vall = il < llvi = val|. [

We now study the existence, the uniqueness and the stability of a (weak) solution of problem (4).

Theorem 1. Let € > 0. For each ¢ € H, problem (4) has a unique solution u® € C([0,T]; H). More-
over, the solutions depend continuously on the data in the sense that if u is the solution corresponding
to @j, j=1,2, then
=T _
u5(0) = w5l < 7 Tl — @all.
Proof. Step 1: Uniqueness
Fix ¢ € H. For each w € C([0, T']; H), define by

T
Fw)t):=S.(t-T)p— ng(t — 85)B(e, s)f:(s, w(s))ds.

It is sufficient to show that F' has a unique fixed point in C([0, T']; H). This fact will be proved by
contraction principle.
We claim by induction with respect to m = 1, 2, ... that, for all w,v € C([0, T]; H),
(T -o"
m!

ko \"
IF"(w)(@®) = F" ()OIl < (;) lIw(s) = v(lll, (10)

where [||.||| is the sup norm in C([0, T']; H). For m = 1, using lemmas 1 and 2, we have

T

f Se(t = 5)B(e, 5) [ f-(s, w(s)) = fo(s,v(s))] ds

t

IFw)(®) = FOv)(@)l

T
fIISs(t = S 1B(&, I | fo(s, w(s)) = fe(s, v(s))l| ds

<
T T
s ke
< kgfsT ||w—v||ds§—f||w—v||ds
&
t 1
ke
< ;(T — Dllw(s) = v(s)lll.

5



Suppose that (10) holds for m = j. We prove that (10) holds for m = j + 1. Infact, we have

|| FI w)(t) — Fi+1(v)(r)|| || F(F/(w))(t) — F(F’ (V))(t)||

IA

T
ke | .
;owmm—memm

_f ( ) (T_ )jlllw(s>—v(s)|||ds

J+1 (T - t)J+1

(;) GE ) — W) = v(s)ll.

Therefore (11) holds for all m = 1,2, ... by the induction principle. In particular, one has

k.T
IIE"(w)(®) = F*" M@l < ( .

IA

"1
) —lIw(s) = v()Ill.
m!

Since

kT\" 1
lim( ) — =0,

m—ooo\ & m!

there exists a positive integer number m such that F"™ is a contraction mapping. It follows that
F™ has a unique fixed point ©® in C([0, T]; H). Since F"™(F(u®)) = F(F™(u®)) = F(u®), we obtain
F(u®) = u® due to the uniqueness of the fixed point of F". The uniqueness of the fixed point of F
also follows the uniqueness fixed point of F™. The unique fixed point u® of F is the solution of (7)

corresponding to final value ¢.
Step 2: Continuous dependence on the data

We now let uf and u5 be two solutions corresponding to final values ¢, and ¢, respectively. In the

same manner as Step 1, we have for every w,v € C([0, T]; H)

T
IFw)(®) = FO)(@Il < kgf &7 w(s) = v(s)ll ds.

Hence

So(t = T) (g1 — @2) + FW)(t) — Fad)(@)|
IS :(t = DIl - ey = @all + |[F@§)(0) = Fus)@)||

T

|50 = w50

IA

< &7 llor—@all + ke f eT — u5(s)| ds.
t
The latter inequality can be written as
T
e [0 - 0] < 7 ey = pal+ ke [ e o) - o] .

t

It follows from Gronwall’s inequality that

—u5@)|| < 7' Nlgy — @l £ €10, 7).

This completes the proof of Theorem 1.



2.2. Regularization of problem (3)

Our purpose in this section is to construct a regularized solution of the ill-posed problem (3). We
mention that the existence of a solution of (3) is not considered here. Instead, we assume that there
is an exact solution u corresponding to the exact datum ¢, and our aim is to construct, from the given
datum ¢, approximating ¢, a regularized solution U, which approximates u.

Denote by u® the solution of problem (4) corresponding to the final condition ¢.. We shall show
that for each fixed time ¢ > 0, the function u®(#) gives a good approximation of u(t), where the order of
approximation is £77. However, it is difficult to derive an approximation at r = 0. We therefore need
an adjustment in choosing the regularized solution. The main idea is that we first use the continuity
of u to approximate the initial value u(0) by u(z,) for some suitable small time 7, > 0, and then
approximate u(t,) by u®(t,) . The parameter ¢, will be choosen as follows.

Lemma 3. Let T > 0 and let € > 0 small enough. There exists a unique t, > 0 such that er =,

Moreover,
- 2T In(In(e71))

7 In(e™)
Proof. Note that each solution # > 0 of €7 = 1 is a zero of the function

In(e™h)
2T

h(t) = In(z) + t, t>0.

We have £ is strictly increasing as 4'(t) > 0. Moreover, lir(? h(t) = —oo and
t—0*

(2T In(In(e7!))

e ) = In[27 In(in(z™"))| > 0

for £ > 0 small enough. Thus the equation A(f) = 0 has a unique solution z, > 0 such that

2T In (ln(i)).

In (é)

t, <

We have the following regularization result.

Theorem 2. Let u € C'([0, T1; H) be a solution of problem (3) corresponding to ¢ € H. Assume that

sup [Z T ()P + ||u/<r>||] = M < oo,

el0.71 [45

Let ¢, be a measured datum satisfying ||lp.—¢|| < € with & > 0, and let u® be the solution of problem (4)
corresponding to ¢.. Choose t, > 0 as in Lemma 3. Define the regularized solution U® : [0,T] - H
by

U?(t) = u*(max {t,1.}), t € [0, T].

Then one has the error estimate, for € > 0 small enough, t € [0,T],

2T In(In(s™! ))}

NUS(t) — u(d)|| < 2M + 1) min {gz )

7



Proof. We have in view of (5)

T
ut) =St —-T)p - fS(t —8)f(s,u(s))ds.

Using B(e, 1) = S(t — T)S (T —t), one has
T

B(e,hu(t) =S (t—T)p — ng(t — 5)B(g, s)f(s, u(s))ds.

t

We have in view of (7)

T
u () =St = Tp, - f So(t— 9)B(&, ) fo(s,u(s)) ds.

Thus

w® —u®) = S-T)(p:— )+ [Ble, ) - Iu() +
T

_ f S.(t — $)B(, 5) [ fu(s, 45 (5)) — f(s. u(s))] d.

t

Using Lemma 1 and noting that f(s, u(s)) = f:(s, u(s)) for £ > 0 small enough, M, > sup ||u(?)||, we
1€[0.T]
get

(@) —u@ll < IS0 =Dl llge — @l + IIBCe, 1) = I u®)]| +

T
+ f”Sa‘(t = 9B, I - Ml fo(s, u(5)) = f(s, u(s))l ds

T

T e+ SJ DT (g )l + ke f T [uf(s) - u(s)|l ds

n=1

IA

t

IA

T
(M + DeT +k, f T |[uf(s) — u(s)|| ds.
t

The latter inequality can be written as

T
T [|f(t) —u(@®)|| < (M + 1) + k, fs_% [f(s) — u(s)|| ds.

It follows from Gronwall’s inequality that

T uf(r) — u(n)l] < (M + 1)e*T, ¥t € (0, T].

8



In particular, if ¢ € [z, T] then

NU2(t) — u®ll = |u®(2) — u()| < (M + D" st
2T (M + l)ln(ln(s‘l))

< (M+1eT < ,
< M+ Dew < In(s)

where we have used

In(e™!) e N
kT <« Jln(eT) < ———— 2 <l =g <gor, 11
¢ < Ve < ey S TE T <8 an

Let us now consider ¢ € [0, £.]. One has
1U°(@) — u@)ll = lu® () — u()ll < [lu®(t:) — ut)|| + llu(ze) — u(o)ll .

Due to the continuity of u,, we get for € small enough

te te
llu(te) — u(|l = fut(S)dS < fllut(S)Il ds < Mt,.
' 0
Thus, for ¢ € [0, 1],
WUt — u(n)ll < (M + D& + Mt, = @M + D,
. 2T In(In(e”!
< @M+ Dmin|es, 2T 000E D
In(e71!)
This completes the proof of Theorem 2. 0

3. Regularization of backward parabolic problem with time-dependent coefficient

In this section, we consider the following backward nonlinear parabolic problem with time-
dependent coefficient

u; + a(t)Au(t)
u(T)

ftu@), 0<t<T,
®, (12)
where a € C([0, T']) is given. The function a is noised by the perturbed data a, € C[0, T'] such that

lla. — allcqory) < €. (13)

where the norm [|-[|¢¢o,r)) 1s given by the sup norm, i.e., [|[Vllc(o,r)) = Supy<,<r [v(?)| for every continuous
function v : [0,T] — R. We would like to emphasize that it is impossible to apply the technique in
Section 2 to solve problem (12) when the time-dependent coefficient is perturbed by noise. Therefore,
we investigate a new regularized problem as follows

d —
SO+ DA = foltve),  O<i<l, (14)
ve(T) = @,
where A, is defined by
A(v) = —é Z; In (£ +e™2"") (v, ¢,), (15)

and Q = llacllcqo.ry-
The regularization result for time-dependent perturbed coeflicient is given in the following theo-
rem.



Theorem 3. Let u € C'([0,T]; H) be a solution of problem (12) corresponding to ¢ € H. Assume

that .
20T, 2 ’ _
sup [Ze [, u(e)P + [l @) | = Eq < oo,

rel0.77 [ 4=

Let ¢, and a. be measured data satisfying |l¢. — ¢l < € and ||las — allcqo.ry < & for e > 0. We denote
by v, the solution of problem (14) corresponding to ¢, and a.. Choose t, > 0 as in Lemma 3. Define

the regularized solution W¢ : [0,T] — H by
WA(t) = vo(max {1, 7,}), 1 € [0, T].

Then one has the following error estimate for € > 0 small enough and t € [0, T],

1 . [ + 2T In(In(s™!
IWS(2) - (o)l < 2Eq /z(a . 1)62T min {g %&)»}

Proof. The existence of solutions to problem (12) can be proved in the same manner as Theorem 1. It
remains to prove the error estimation between W, and u. To this end, we first need the error estimation
between u, and u. The technique we use here is different from Theorem 2. The problem (12) can be

written as

{u'(z)+ag(t)21;u(r) = a,(DAu(r) — a(DAu(?) + (1, u(r)),
u(T) = o.

Recall that v, solves the following equation

fe(t,ve(D),

{ V(0 + ag(DAv(t)
Pe-

ve(T)

Substituting (17) into (16) bothsides, we obtain

vi(t) — u' (1) ~a(DAL(ve(1) — u(D) — a()Au(t) + a(t)Au(r)
+f8(t’ Vg(t)) - f(t’ u(t))’

Pe — .

VS(T) - us(T)

For b > 0, we define by B
2() = 7D (ve(0) = u(d)).

By differentiating z.(#) with respect  and combining to (18) gives

Z,(1)

B eZ(t—T)(vg(t) 3 u(t)) + eE(t—T)(‘/g(t) — W (1)

= bz, (1) + "] = a,(DA(ve(D) — u(®) + F(1.v.(0) = f(t u(®))]

_ eZ("T)[(ag(t) —a(t))Au(t) + a‘,;(t)(g‘8 - A)u(t)]

= bz(t) = Auze(t) + D f(2,v(0) = f(2,u(t)]
—P D (au(1) — a()Au(t) — P Dag(t)(An — Au(?).

10

(16)

A7)

(18)

19)



By taking the inner product (19) with z.(¢), we get
(@) + a:(DAz(1) = b2o(0),2:0)) = ("] £t ve0) = £, u(®)] 1))
—P (a1 - alt)Aut), (D)

(A = Au(t), 2:(0)). (20)
A direct computation implies that
d — —
Tl = 2= a0z, 20) + 250,20

+2<Mtﬁ[0ﬁ“ﬂ)—f@”0”}@a»
_2eb(t—T)<(a8(t) — a()Au(t), z:(1))
~2e" (A, = A)u(r), 2:(0)
= 2N +h+1+1y), @D
where
I = (= adDAz(0), (D) + b{(ze(1), 2:(0)),
o= (D]t v0) - 6 ue)],z0),

L o= =" D{(at) - a)Au(), z()),
L = = D((A, - Au), 2:(0).
Since Q = sup,(o 1 |a£(t)|, we have
(- @Az, 20)| < sup Jac 0| eze)] |z,

1
< Qaln( )||zg(f)||
< %m( ) X0

which gives
1
(= as(DAZD, 2:(0)) = —— ln( )||zg(t)||
Then the term /; is estimated by
L= (= aDAz2:0), 20)) + b(ze(0), 2:(0)
1 1
> 1 m( ) 2O, + 0| 22)

Using Lemma 1 and noting that f(s, u(s)) = f:(s, u(s)) for £ > 0 small enough, M, > sup ||u(?)||, we
t€[0,T]

Ze(1)

have the following estimate
L= (e[ fult.ve0) = £(t.u®)] 20)

= e_ZZ(T_t)<fs(Vs(t)’ t) - fs(t’ u(t))’ v“"(t) - u(t»
_kse_zm-n”vs(,) - u(t)“i

e @)
11

\%



Employing Holder inequality, we can bound I as follows

(T (a, (1) — a()Au(t), z.(1))

2

<

IA

IA

<

T 0)a, (1) - a(o)| JAu(o)|

— ) s
—2b(1 —t)|a€(t) — t?l(t)| (
n=1

e M0 a () - a(t)| (Z Qlez 2 Gue), @) ]

e—2b(T N g2 E2

or

o+ el

>2]+

=),

Z.s(t)”il

zg(r)|| (24)

Using Holder inequality again, I, can be bounded as

(e T a,(H(A, (1) — A@®))u(t), zo(D))

L =

IA

IA

IA

IA

IA

<

e 20,
—2b(T—1) 1 1 1 0T A ’ 2
e |a —1In oo _ﬁln(e ") |<M(t)’¢n>
e[
—OW(T—1) 2 1Y 1 ’ 2 2
e a(1)| QszZ In\ —5m 7 N+ [0,
1
e Z I (52 + 1) [0, g} + [leto,

_2b(T ) 22 Q“"|<u(t), ¢n>2 4 Zs(t)”i]

=1

%e—Zb(T—t)SZEé + ZS(I)”Z' (25)

Thus, (21), (22), (23), (24) and (25) yields

Since b = 7

dt

L In (é) we obtain

d 0|, = (—%m(l)wb 2k, —4)

Za(t)”

11
o o (— + —) : (26)

d
z£<t)||H > (—2k, —4)

oT ' T

saf 11
20|}, - 26°E (QT T)

Integrating the above 1nequahty fromtto T, we get

(D), -

%0,

29|}, ds

T
> (=2k, —4)f

—2E)¢’ (QT T)(T - ).

12



since [|ze(T)|[;, = llp. — ¢ll < &, we have

1
|z, < @k +4) f |ze()|[; ds + 2E26? (é + 1) + &2,
t

This implies that

T
vty —u|]), < 2k, +4) f T v(s) - uCs)|[, ds
t
VE2 2 1 1 2
Multiplying bothside to eZZT, we obtain
T
ety —u@)|}, < 2k +4) f ||veCs) — u(s)| ds
t
(1
+2E5| = +1).
Q
Applying Gronwall’s inequality, we get
LT
- ) (2ke+4)ds
&|[ve(t) - uo)|[,, < 2E3 (é + 1)@ :
or
= 1
eZbl Vg(t) _ M(f)”Z < 2E2Q (é + 1)6(2k5+4)(T—t).
Hence

ket (T =0 ,=F In()

ve(d) —u)|, < 2E%, (é +1

S~—

In particular, if ¢ € [t., T] then

1 ;
W@ = uDll = [ve() — u@ll < Eg+ |2 §+1)62Tek5T8T
1 o7
< Epn[2 §+1 e~ e’
- 2 b1, )2 indne)
- 2\ o In(s")

where we have used (11).
Let us now consider ¢ € [0, z.]. One has

IWE@) — u@ll = |ve(te) — ull < llvelte) — ulto)ll + lu(ts) — u@ll.
13



Due to the continuity, we get for £ small enough

Ig

llu(ze) — ull = fu,(s)ds < | llu()llds < Egt,.

t 0

Thus, for ¢ € [0, z.],

1 i
IWe(@) — u(t)|| < EQ 2(@ + l)eZTSZT + EQts
1 . 2T In(In(s7!
< 2Ep+[2[= + 1]¢*" min g 2T Indne )|
Q) In(e1)
This completes the proof of Theorem 3. [
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